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(O Finite Differences

Let y = f (x) be a given function of x and let Y0s ¥1» Y25 --- be the values of

y corresponding to x, xg + h, xo + 2h, ... of the values of x. ie.,

yo=f (xo), 1 = f (g + h), y5 = f (xg + 2h), ..., y,,= f (xg + nh). Here the
independent variable (or argument), x proceeds at equally spaced intervals

~and ‘A’(constant), the difference between two consecutive values of x 1s
called the interval of differencing. Now y; —yg, Y5 — Y15 -++s ¥n— Yn—1 21€

called the first differences of the function y and differences of the y,
values are denoted by

Ay = Ypi1=Yn n=0,1,2,...)
Here ‘A’ acts as an operator called forward difference operator.
Thus Ave. = ¥r—Vg )

Ayy = Y-y g

---------------------

Ayn = Yn+1""Vn
The differences of these first differences are called second differences.
Thus — A200) = A = Ai-Ay = Y2- 1+ ¥

A2(y)) = AAy)) = Apyy—Ay = y3—2y,+y,

and so on.
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In general A" yp = A"~ Ly 4 1 — A1y defines nth differenceg wh
Cre k

and n are integers.

The difference table is a standard format for displaying finite -

and is explained in the following table called forward difference t, tf]rences
€,

F X T e
0 J’OR Ayo
. A

23 h 4 ol | A%

N Ay (\\ A3y0
A2 b v Ry Azy] A4y0
X3 Y3, A2y,

| Ayy
X4 Y4

Here each difference proves to be a combination of y values. For example,

Adyy = A2y — A%y
= (Ay, — Ayy) — (By1 — B0)
= {(53—y2) = 0=y} = {02 -y~ U1 —¥o)}
= 73139, + 31 - %0




0 Backward Differences

we use another operator called the backward dtffcrcncc opcrator V and IS

defined by
V¥ = In=Yn-1
Forn=0,1,2,... we get-
VYo = Yo=Y
VY1 =y1-»
Vy, = yy -y, and so on.
The second backward difference is
V2=V (Vy,)
=V Op=Vn-1)
= V¥u=V¥n-1
= (V= Yu=1) = Wa-1=Y4-2)
= =21 a2
Similarly the third backward difference is

V3yn= szn—vzyn—l

= (yn_z.}’n—l +yn—- 2)"0"11—1

_2-":1—2+}’rt—3)

=Yy~ 3p-113Yy -2y, -3 2and so on.
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rmulae whic

Vx+ W2~ Yx—hi2

= 8y_3n

= 832
yo be the central ordinate correspondin =

ave discussed Newton’s Fory,
h were suited for imcrpolql_"lrd
( the given data. If we want t;l
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Let y =
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is as follows : M table
B
st - nd = o
x|y 1% diff. 2" diff. 3™ diff. 4™ diff
x_3 (Y3 o
Ay_3 (8y_5p)
Ay_p (Z8y_3p) Ay_3 (=8%y_3)
X1 | Y-1
Azy_z (:52 ) ; A4y_3 (=54 1)
] 2 | By Sdy_1p) . A3y_2 (=33 _12) ‘ |
o | Yo = il L i & e e”
I IS P ] ”Az_ ’_-_l.,.(:Bzy&\l ——r-"* ’"—:/Z\:-;-——z (354 J’o)
Ay (= AL 3 (= -
5 g X1 3a _:__.‘.,—.-yo..-‘-:- 8}:}"‘”—}’— {2 ) 2 yTl( 63})1,2)
. — R i T - . j ;
il A2yy (=8%y1) Aty (=8%y))
\ o ) Yoo e
3 55 |5 Ay (=8y372) Ay (=8%31)
A2y, (=5%y5) '
x3 | »3 Ay, (F8ysp2) N
tral difference formula is Stirling’s. We shall

The most important cen
derive this by first deriving two ot

taking the mean of the latter in pairs.

her central difference formulas and then
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,/é Operators - \/ =

O Forward difference operator (A)
The forward difference operator ‘A’ is defined bSr ‘/
Af) = fE+h)—f(x)
where /2’ is a constant and is the difference between two arguments,
If we apply A on Jf (x) twice, we get
A2 (%) ATAfx)]
= Alf&+n-fx)]
= Af(+)=AF @)
= SOH2B) — f By = f(x+h)+ f (x)
= fOE2D -2 f(x+h)+ f(x)
Similarly, we can find any higher order forward differences ‘in terms of
the entries. ' .

I

O Backward difference operator ( V)
The backward difference operator ‘V? -is defined by
VI = f@-f—Fk
where °4’ is a constant. If we apply V on f (x) twice, we get
V2f(x) = VIV f©X)]

= VI/®-fG&-M]

= Vi@-V fx—h
(FO-fa=-m}—{fGx—B—fx-2h)
= f)-2f(x-m+[f(x-2h)

Similarly we can find any higher order backward differences in terms of

the entries.

[ Central difference operator (5) .
The Central difference operator & is defined by.

- - 1
Oyx = x+%h yx-—ih



-0y = V1 — | Takl'r: . ==:-l- =
= 0 [ gx 2aﬂd;[-—1]

BCERE I [ Taking =3 and = )

5J’§ = ¥3—J, and so on.
2

The higher order central difference operator can be defined by

| ey
82y, = 8(8y,) ; 6 = E> _ E2

g =8 _
o r (yx+:21- yx—% )
oy

1 -8
x+§ yx_-zl-

O’x+1, - yx) =7 (yx " yx—l)

',4 Ty Ml = 2y,+y,_1-and so on.

I

5]
1

‘-“'-..._.



(] Interpolation

Consider the table

X )CO

XI x2 . xn

¥z| FO) flx) flxp) flx) o FX)

If the value of f (y) is to be found at some point y in the interval [x,, x, ]

and y is not one of the tabulated points, then the value of f (¥) is estimated
by using the known values of f (x) at the surrounding points. This process
of computing the value of a function inside the given range is called
interpolation. Simply interpolation means insertion or filling up
ntermediate terms of a series. If the point y lies outside the domain
g, x,,] then the estimation of f(y) is called extrapolation. In this chapter
we will be mainly concerned with interpolation.



a Nvewton_’-s Forward Interpolation Formula

We know that
- Ayg =10 ie,y1=yo+&p=(+4)y

Ay =ye=n e, =yt A =1 +A)y =(1+4)y,
Ayy =y3—yy Le,y3=yp+ Ay, =(1+A)y, =(1+A)y,
In general, y, = (1 +A)" yg

Expanding (1 + A)” by using Binomial theorem we have
n(m-0D)A2  n(n-1)(n=2) A3

va e nn-1)
Yn = f(X0+ﬂh) =)o +i’1AyO+ oY A2y0+
nn—1)(n-2)
3! A3y0+...

This result is known as Gregory—-Newton forward interpolation (or) .
Newton’s formula for equal intervals.
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A function f(x) is given by the following table. Find f (0.2) by 4

suitable f¢;.-|\|t|l;\. . R
X 1 2 3 4 p - \
185 | 194 | 203 | 212 | 220 | 229

X 0
fe) | 176

The difference table is as follows : |
- x y=f(x) Ay A2y A3y 1 Ady Asyﬁ----aq___ |
0 (xo) | 176 00) | Ayo |
9 (AzJ’O) \
1 185 0 (ABy()) |
= 0 (A%yp)
2 194 0 5 (Asyo)
9 0 5
3 203 0 {n
9 -1 s | @50
4 213 q ; Z
8 2 |
5 220 1
9
6 229
Here xg =0, h =1,y =176 = f (x()
We have to find the value of f (0.2). By Newton’s forward -
formula we have, ,

' nn-1)
y(x0+nh) =y0+nAy0+47!—) A2y0+.._

WO0.2) 5= 2
ie., vy Xg+nh = 0:2
ie. O+n-1 =02 ie,n=0.2
~.3(0.2) = 176 +(0.2) (9)+(0'2) (%.2—— 1) -0+ ... E
= 176+ 1.8
=177.8

Hence f{0.2)= 177.8.
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The following table gives the population e
census. Estimate, using Newton® bk

: S inter
the population during the period 1946 u?‘l'g‘;:in

I

town during the last
" formula, the increase in

six

Year 1911 | T T TH T
Poputation | 12| {23t 11961 | st { e |
(in thousands) 27 39 | s2 '\
The difference table is as follows -
X y=f(x) | Ay A2y A3 4
\“y Ady \ Asyj
1 (AZJ’Q)
1921 13 6 (A3yg)
7 -6 | (&%)
1931 20 0 11 (A3y0)
7 5 20
1941 27 5 -9
_ 12 -4
1951 39 1
13
1961 52
Here xy = 1911, 2= 10, y5 = 12
By Newton’s formula we have
nn=1 ., +n(n—l)(n-—2l Adyg+ ..
Y(xg + nh) =yg + nlyg+ 7 75 A_yO 3!
y (1946) =7
ie. x0+nh = 1946
@, 1911 +n - 10 = 1946 i.e.,n=3.5- f}:'
(3.5).(3.5.=1); X6
- 1(1946) = 12+(3.5)(1)+ 2 2
REE) (3.5 —61) 3:5-2) (—6)
353.5-1)3.5-2)3:5-3) _
T 24

(3.5)(3.5-1) (3.:5-2) 3.5-3) (3.5-4)
+ i

120

% (20)

f\



= 12+ 3.5 +26.25 - 13.125 + 3.0078 + 0.5469
= 12 +3:51+ 26.25 +13.0078 +0.5469 — 13. 125
= 32.18

.. The population in the year 1946 is 32.18.

To find the population in the year 1948 :
i.e., To find y(1948).

l.e. xqg + nh 1948
1911 +r-10. = 1948

n = 3.7

- H(1948) = 12 +3.74 3D (3'7"1) x 6

3.73.7—-1 7 —
#316I-DET=2 o

- 3.73.7—-1)33.7-2 7 —
3¢ MB7 ) (50 -8) T

3.7 (3.7—=1) (3.7-2) (3.7-3)(3.7—4
+ 120 ( ) X (=20)

= 12+ 3.7+ 29.97 — 16.983 + 5.4487 + 0.5944
= 34.73

The population in the year 1948 is 34.73.

Increase in the population during the period 1946 to 1948.
= Population in 1948 —Popuiation in 1946
= 34.73 —32.18

= 2.55 thousands

e |
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Let f (x()), f (xl), teey f (x") bc

corresponding to the arpumeng x

Spaccd-

the Valueg of i

oy, e funct'mn Y= f ()

fray x l l‘ Ce 4 ){ !{

16t F (x) be a polynomia] in x of degree
n. Thcn we
can re

f (x) as

fx) = ao(x-—x,)(x—xz)_”(xhx) present
T (x‘xO)("“xz) (x~x,)+
WE-I Gy LGy
n- (1)

where ap, 41> ---> A, are constants,

Now we have to determine the (n+1) constants g
0> 4y,

Putting x = Xg in (1), we get "
f (o) = ap (xo—x7) (xg—x,) ... (xg—x,)
by &
b O Go=x) Go-x) - (g—x) s
" Puttingx = x; in (1), we get
f ) = ay (e —x0) (%1 —x) ... (- x,)
ie ay = L)
L., 1 (xl —.{0) (xl —.?cz) (xl —xn) (3)
Similarly | |
b f (%)
2 (xz--_xo) (3 —x1) ... (x,—x,) | (4]
. ey
it R S b

= (%, = X0) (= X1) - (¥ =%y 1) =

Substituting (2), (3), (4), (5) in (1), we get



iy
T (x—x1) F=%p) .- X Xp) () "
fx) = (xo0 — %1) (0 —%2) --- (¥ — X;,) 0

(x=xp) (x—x3) .. (x—x,)
o (x; —xp) (x1 —x3) ... (x1 —x,) J )

(x—xp) (x—x1) ... X—Xx,_1)
(= Xg) Cep = X1) - Gt —x, 1) J )

+

If we denote f (xp), f (x)s ... f.(x,) by Yo, V15 ..., ¥, We get,

(x“xl)(x_xz) (x—xn)
(xp —x1) (xg —X3) ... (X9 —x,,) 20

f) =

(x—xp) x—x3) ... (x—x,)
(x] —xp) (¥ —X) ... (¥] —x,)) 7|

------------------------------

(x—xp) (x—x7) ... (x=,_ )
(x,, — xp) (X =%1), -5 (x,—x,_1) Vn

which is Lagrange’s interpolation formula.,



Using Lagrange's interpolation formula, find the value cnrrmxmn
rl'

=10 from the following table : [ SN
’ p I 5' f 6 J 9 [ ]l_ I

AL e T

_Solution |

The Lagrange’s interpolation formula is

o N (x —x;) (x —x;) (x — x3)
Y=r) = (xg —x1) (xg —x3) (xg — X3

)yO

(x — xg) (x — x3) (x — x3) 5
" Gy —xg) Gy —x2) (xy —x3) V!

(x —xg) (x —x) (x — x3)
(3 —xq) (x5 —x1) (¥ —x3) 72

(x—xp) (x—x1) (x — x3)
(x3 —xp) (x3 —x1) (x3 —x3) »3

Here x =10, x0=5, x1=6, x2=9, X3=11
Yo= 12, y|=13, P = 14 ® = Jun 16

_(10-6)(10-9) (10— 11)
140 = G- 61 (2

(10—-5)(10-9) (10— 11)
(6-5)(6-9)(6-11)

(10-5) (10— 6) (10— 11)
"5 (9-6) (9= 11y (4

(10-5) (10-6) (10— 9)
+(11-5)(11--¢_~3)(11_9)(1‘5)

4-1-1 a1 ]
1-4-¢62) —']'_,'_3“7‘5(13)

f (10) = 14.63
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:nd the cqunt.ion of the parabola passing through the
1 f)lamd (2,20) using Langrange’s formula. g points (0,0),
’

(
The given points can be arranged in the form of table as given below.
x 0 1 5
| 0 1 20
Here xo =0, xp=1, Xp =2
yo =70 Y1 =1, ¥, =20
Wwe know that Lagrange’s formula is
(x~x1)(x—x2) ‘ (x —xg) (x —x3)

W = Go—xD) Go—x 0T G —x) Gy —xp) <

(x —xp) (x—x1)
(x5 —xg) (ko —x1) P2 . D

Substituting the above values, we get

| —DE=2) (x—0) (x—2) (55— 0) (= 1)
y(x)=("f(._1)(—.2) O Ay = 1y, 1y (2)8") x (20)

= (—x)(x=2)+x(x=D(l0)
P 42x 4 (P —x)(10)
_x2+2x+10x°—10x
— ox*—8x ‘
The required equation of parabola is
' Ey = Ox? —

@é)}(AMPLE 3=
Using Lagrange’s interpolation formula, find the equation of the

cubic curve that passes through the points (—1,—-8),(0,3),2, 1)
and (3,2). : : :

The given data can be arranged in the form of table as given below.
x -1 0 2" 3 =
y — 8 2 e i R e e




" —--":'l'
. wmuln in (:ﬂ
' ;s swwpolation [ '.
e Lagrango's inte . |
" X)) (¥ ~ Xy) 1;-.

(\ = Ny) (VX _ A
WSO GG (o 82) (g = xg) 0
(x = Xg) (¥ = x3) (x - xj)_ |
4 (v =) (X) =) (x) ~ x3) VI 3
(v~ x0) (¥ =) (e —xy)
v (vy =) (X3 = X)) (x5 —x5) V2
(x = xp) (¥ —x) (x = x5)
¥ (x3 =) (¥3 —x) (x3 —xp) 73
xy =0, Xp =2, X3 =3

‘lt’.‘l‘t‘: .\.0 e l!

yo==8 »=3  »m=1, ;=2

x-0)(x-2)(x=3)
@ =T ci-necl-nE?

x+1)(x—=2)(x—3)
To+1D0=-2)(0-3)®

(x+ l)(x—O)(x—B)(])
TE+D(2-0)(2-3)

x+D&x—-—0)(x—-2)
*e+DGE-0GE-2®@

= %(x3—5x2+6x)+5(x3—4x2+x+6)—g(x3__2x2__3x

1
+ '6"(x3_——x2—-2x)
2.1 1 -1 =10 4 2 ]
s ] 22 A L B 2 —_ =2, < 1
y_—x(3+2—6+6)+" 3 7276 6)'
13- 10757 3
+x(3 +2+6—6)+
On simplification, we get

2z 31 14
= gx3—--g-x2+-§—x+3 _

_ 7X¥-31x2+28x+ 18
6
6y = 7x3—3]x2+28x+ 18
The required equation of the cubic curve js
o6y = 7xX —31x* + 284 + 18

(SO Ve N
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Ko - £2y.) = A%j-)

A%y = A% yo AP ) D
Ry 2 = B —EY2
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23y o = A%, by
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en [ (20) = 2854, f (24) %
b 31()2

@ EXAMPLE1 & —

/) ¢
sing Bessel's formula find f(25) 81Y
(28) = 3544, f (32) = 3992.

=24, h=4, The Bessel’s formula is

Here take x
) n(n—1 A2y_; + A%y,
y(xpt nh) = Yot nAyo + 21 2

nn-—1) (n-—%)

o 31 A%y
+1)n (n=1) (n=2) [A2 Aty_
41 2 N
y(25) = 2
ie, xotnh = 25
n@ = 25—-x9 = 25 —-24
n = % = 0.25
The difference table is as given below "
x f ) A AZ A3
20 (x_l) 2854 ‘0,;_1).' /\-
308— Ay,
24 (xo.)‘ 3162 0’05? A & 74 A%y
382 Ay * T -8 A
128 (xp) [3544 (1) " | 66 Azyo
32 (x5) {3992 (y) ~ {

Using the above formula, we get,

¥(25) = 3162 +0.25 x 382 + =22 C0.7) (74 +66)
| ; o2

~
‘ (0.25)(0.25—1)( 0.25 —l)
, + 2 8
i 31 T
= 3162+ 95.5 — 6.5625 — 0.0625
y(@25) = 3250.875 |




~./E)(AMPLE B W crmimiiesiermtaio
Given that ‘lhl(" 1) = 0. ll‘)‘)B, uln((l 2) = (), ]

sin(0.4) = 0.38‘)4 and sin(0.5) = 0,479

| Solution_

The dlllucnu. table is as gwc,n below

')86, 8in(0.3) = (,2955 ;
4, find 8in(0.35),

.\- TR I T s s B
5Tt [0.09986 ) | e ¥ bl B e | B
0.0988 Ay_»
0.2 (x=1)| 0-1986 () ~0.0019 A%y_,
0.0969 Ay, ~0.0011
0.3 (x0)| 0:2955 () - ~0.0030 A2y _, A3y_, | 0.0002
C ] 0:0939 Ay, : | Ay, |
0.4 (x1)]0.3894(y)) ~0.0039 A2y, —0.0009 1 :
" 40.0900 Ay, ‘ Ay 5
0.5 (x2)'| 0.4794.() % \

Hcre take x0=0.3; ¥ =0.2955and 2= 0. 1
We know that Bessel’s formula is

__ o
n(n—1) A2y_; + A2y, n(n-— 1)(}1—-5)
y (xo t+ 17h) =20+"AJ’0+ 21 ( 5 + - T

, D n@=1) (n-2) [A“y 5+ Aty l:|
Y = +...

Ady_,

(1)
y(0.35) =7
ie; xgtHkh = 0.35
n(0.1) = 035-03=  n=05
Substituting the values available in the table and »= 0.5 in (1), we get

' | 0.5) (0.5 — 1) (—0.0030 — 0.
»(0.35) = 0.2955 +(0.5) x (0.0939) + L2202 )( 0.0030 0039)

2
(0.5)(0.5-1) (0.5 - %)
+ 30 (- 0.0009) + ....
= 0.2955 + 0.04695 + 0. 00043125 +,

= 0.3429
Therefore sin (0.35) = 0.3429
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() NUMERICAL INTEGRATION.

The | T Numerical integration is the numerical eyyy,
e e -

ulii"] .
| Oy
definite intepral

h
A= [ reods

where ‘a’ and ‘b' are given L‘.()IlSl.i-ln‘lS( and f(x) is 4 ¢
given analytically by a formula or cmpll‘l‘cd‘”]f by a table of
Geometrically. A is the arca under the curve of f (x) begy,
ordinates v = a and x = .

But in engineering problems we frcqucnt.ly come acrogg yp,
integrals whose integrand is an empirical function given by a tabye
In limse cases we may use a numerical method for APProximgte
integration. When we apply numerical integration to a functjqp of
a single variable, the process is sometimes called mechanicy)
quadrature; when we apply numerical integration o the
computation of a double integral involving a function of i
independent variables it is called mechanical cubature,

The problem of numerical integration, like that of numerica|
differentiation, is solved by representing the integrand by an
interpolation formula and then integrating this formula betweer
the given limits. Thus, to find the value of the definite integral
b

b
I f (x) dx (or) j y dx we replace the function f (x) (or y) by an

a

interpolation formula, usually one involving differences, and then
integrate this formula between the limits a and b. In this way we
can c}crive quadrature formulae for the approximate integration O!
any function for which numerical values are known.
Of the many possible quadrature formulae, here we shall deri¥e
some of the simplest and most useful one.
< QUADRATURE FORMULA FOR EQUIDISTANT
ORDINATES

Consider the Newton’s forward difference formula

y(x) =y (xg + nh) = yq + nlAyg + FI_(%—'-_Q Ayg

Unctigy,
Valyg,
cen the

'wc




S
This formula can also be written by replacing n by u as

= uu-1
y(x)zy(x0+uh)—y()+uAy0+Juz—!2 A2yg

+u(u-—l)(u-2)

Lety =Y (x) . . (2) be the given function.
Let us now Integrate (2) over n equidistant intervals of width

h(::Ax)
xo+ nh
ie., jy(x)dx = ?
X0
Letx = xy+uh
S.dx = hdu
When x =x u=0
X = xp+nh u=n
+ nh
xﬂj y(x)dx = h’f y (xo + uh) du
X, 0 '
-1 u—1) (u—2 |
I(VO+uAv0+£%l_2’32J’0+u(u é'(  y0-+..) du
0
[by 1]
0

[(uyo) +( A)’O) +§(3 " 2), L



X + nh - n? 1 ({1,1 ﬁ%) )
' [V(") dx = h [ nyo 4-"’2”'A}’()+2 3 ) A Yo

X0
L(nt 3 2) 3
—|=—a—p’+N A- +
+()(4 . Yo+ ... o

rature Formula for equjg;

This gives the general Quad
’s formula.

ordinates and 18
Q TRAI’EZOIDAL RULE
Putting n =1 In (A), we gel

xg+h 1
xofy (x) dx = h[yo +'2‘Ay0
*0
(neglecting higher order differences)
J h
='21 (230 + Ayol =3 Do+ 00+ 450)]
h
=3 [yo + y1l ()
In the interval (xg + 7, X0 + 2h), we get
xg+2h 1
(y@d=hDi+7 Ml
x+h
h h
=7 [2y1+ 4y =7 b+ O+ Ayl
h
=5 [y1+y2] 2)
e etc
yWds =
j =2 [yﬂ—l+yn] (“
xg+ (n=1)h |
Adding (1), (2) and (3), we get
T o —
/ =2 LO0+yn) +2 vy +y2 + o + Y1) w® |

% ezl -0

This is called the Trapezoidal R-]e




— T —— S - e

mhe trapezoidal rule is the simplest of the formulae
for numerical integration, but it is also the least
accurate. The accuracy of the result can be improved
by decreasing the interval A,

—
0 TRUNCATION ERROR IN THE TRAPEZOIDAL
RULE

The Taylor series expansion of y = f (x) about x = x| is given

by

2
” x-x) , x=x)

where y; 1s the value of y at x = x; and y,’, y;"... etc are the

valuesof  yiy” etcatx=x,.

2 "2 (x-xp) (x —xp)?

X]

(x = x1)? ' (x-x)* 2

(x2_x])2 i (x?._xl)3 1"
=y1(x2—x1)+ 21 Y1 + 3 Y1 +

X1

oK, 2
=hyy + 5171t t i)

where h = xy — X|

Now, A, = areaofthe trapezium in the interval (X1, X))

. (3)
= lh(J’l +Y2) (
Putting x =x, and y =)? in (1), we get ?
(g-%) -%) i
yg =i+ 1 ot
h 2 | @

S R EC

where h = x5 — X
Substituting (4) in (3), we g€l



TN
2
J h , hZ _’
Ay = —5—[@. TR TR
' 3
RN TR
=hvi+5; Y1 Yo 21 Y - (§)

@) - ()=

Xy I I,._ 3yt
|

= h} "
— —15“ yi + ...
i.e., Principal part of the error in (xy, X2)
_ h'3 "
="19 A
Similarly principal part of the error in the interval (x,, X3)
_h3
= % y,”and so on.
_h3 " ’” r
Hence the total error E = 12 [y1 tYyy t...+Yy, ]
—nh’
5 B y”(&)
12
Where y (&) is the largest of the n quantities y;", y,”, ...,y ”
. -nh3 b-a)h* b-a
ie. E< Ty y® = -8 yog a4

.. Error in the trapezoidal rule is of the order A2.

"} Example 1 I}

5.2
Compute the value of the definite integral [ log.x dx or
4
5.2
[ In xdx using trapezoidal rule .
4

Divide the interval of inte
width 0.2 i.e., h = (0.2. The val
calculated for each point of gy

gration into sjx equal parts each o
ues of the function y=Inx are next
bdivision as given below.



4.2 4.4 6 | 48 | 50 | 5g
04| 1.435084 | 1.481604 | 1.526056 | 1.568616 | | 600437 h_mg'ﬁgg‘
¥ 2 | »n V4 s | g

BY Trapcvmdal rule, we have

h |
sznwh- 2 [("0*"(’“2“’!*1’2+vw Fya+ys)l ‘

F— — |
= ——-1(1 386294 + 1.648058) + 2 (1.435084 + | 481604
+ 1.526056 + 1.568616 + 1.6009437)]
= (0.1)] 3.034952 + 15.241562 ]
@3”’

[ Inxdy = 18276544
| 4 |
I3 Example 2 Y
1

Evaluate [ e dy by dividing the range of integration into 4
0

equal parts using trapezoidal rule, [Nov. '91, Nov. '89]

Here the length of the interval is h = I—'Z‘Q = 0.25. The values of

the function y = "2 for each point of subdivision are gwen below.
~x |0]025 [ 05 [075 [ 1 |
2| 1 ]09394 07788 | 0.5698 03678
| Yo | N 2. | B | N
By Trapezoldal rule we have

I ey = 2 [(yo+y4)+2(yl+>’2+-"3”1

025 1 3678 + 2 (2.2876)] = (0.125) (5.943)
2

ey
o
&
o
&
I

0.7428




P9 Example 3 K —

[ rule with h = 0.2

f_dx ida
Evaluate / o2 using Trapezot

0
Hence determine the value of 7.

Here h = 0.2. The values of the function y = 1 4 x2 for €ach

[April ‘92 ]

oint of subdivision are given below. .
Sa ol 02 | 04 | 06 | 08 | 1]
i |1 00615 0. 0.7353 l 06098]:) |
YT 42 [y | N Y2 Y3 Ya_ | s
By Trapezoidal rule we have,
i :
flixxz = % [Go+ys)+2 (1 +y2+y3+y4) ]
5 _
= 07 [1.5+2(3.1687)] = (0.1)(7.8374)
1 _dx
T, = 078374
0 |
We know that
L _dx T L dx
_ a2
(l;l+x2 = (i x) 4 » = f1+x2
= 4(0.78374) [From Trapezoidal Rule]
n = 3.13496 -

M Example 4 Y

. 2
Using Trapezoidal rule evaluate | y gy Sfrom the following

—

0.6
table. )
= 10.22 10:583 18 | 2.0
sonion I 1023|1245,

Hcre h=02



e

x| 06 | 08 [ 10

12 [ 14 | 16 | 18 ] 20

(x| 06 .
y 1.23 | 1.58 | 2.03 4.32 | 6.25 { 8.36 | 10. 23%2 45
Yo | N Y200 Y3 | s ! ys : Yo | ¥ |

) By Tl apezo:dal rulc ‘we havc

J()J’ dx = 2 [V + y7) + 2 (y, + Y2+ Y3+ Y4+ Y5+ Ye)l J
OI —— e N S

0.2
= 3 [13.68 + 2 (1.58+ 2.03 + 4.32+46.25+8.36+10.23)]
= (0.1) [79.22]

2
[ ydx

0.6

7.922

I

1
O SIMPSON’S 3 RULE

Putting n = 2 in the above relation (A) (Refer Pg. No. 3.32) and
neglecting all differences above the second we get,

% +2h 22 1(23 22
[ Y& dx = h[2y0+ 2 Ayo+2(3 7) 8%
X

- 1 6yo + 6Ayg + Az}'()]
= 2h y0+Ay0+gA2y0}=2h 6

6y + 6 (1 —y0) +Y2 — 2y +)’0]
= 2h 6

%[yo+4y1+yz]

1
xo}z’)’zxdx-’g‘[yow)*ﬁyz] (1)
- +4h we get,
Similarly for the next (wo intervals xo + 2h to X0
X0+4h’ (2

h
[ y@dr =3 [y2+datn]
-1'0+2h



In general,

X0 }- nhy (x) dx = g | Vo + 4yp—1 + Yn ] - (3)
xXQ+(n-2)h

Adding all the above integrals (1), 2), ( 3_)‘@&*—-”—%%&

x0+’;h‘ s e ﬁ

(P dx =5 g+ 40133 +e) ¥ 202+ Ta ) 4y, 1
X0 |

- -g— [yo+y,+4 (sum of odd ordinates)

+ 2 (sum of even ordinates)]
_—

. 1
This is called Simpson’s one third rule or Simpson’s 3 rule,

Note I : When using this formula the student must bear jj
mind that the interval of integration must be divided
into an even number of subintervals of width A.

Note 2 : Simpson’s % rule is also called a closed formula, since |

the end point y, and y, are also included in the
formula.

{ SIMPSON’S THREE - EIGHTH RULE :

Putting n = 3 in (A) (Refer Pg. No. 3.32) and neglecting the
higher order differences above the third we get

x0+nh 3h
[ 7 (x) dx = 8 [00+yn) + 301 +y2 +y4 +y5+ 0ut Ypo))
X0
+2 (Y3 + Y6+ ooet Yudl

This is known as Simpson’s three - eighth rule.

Note : This rule can be applied only if the number of
subintervals is a multiple of 3,

& TRUNCATION ERROR IN SIMPSON’S RULE

The Taylor series expansion of Yy = f (x) about x = x, is given by



(X~!l)

BRCAT

18 the value of y gt y =

L)
2!
Ypand y,y,

) ’

W h(‘,I‘C- )’

g

(1)

Y ... elc. are the

yvalues of Yy y'\...etc.atx= Xy.
Hence
.\" 5
i | (X —x)) (x —xy)2
. [ X,
[ A\l dax = ‘j _.\’l ¥ THERA N 5T ) ve N de
Y A
EL:_E_'_E o (x ~x)? .
= )'I..\-+ X yy + 3 y]”"?‘..,:!’
]
(xq,-xl)Z (xq—x;)3
- e ’ 3 ])
= =X T T
@h) MDA, .
= 2h)’|+ 2! yl )’1 41 ylfn (5‘2 y!tv_{_”‘
[- -xz—xl :h. Xq= Xy = 2h|
= 2hy +2h2)’1 +_3" yl +"‘5" y1’ +.E. )'lw'* )
|

Now,Area A, =area over the first double strip by Simpson’s 3

rule

|
=§ h(yl +4y2 +y3)

Putting x = x, and therefore y = y, in (1), we get,

(Xz—x])2
TERS
h3

“+737 notan Y

7"

(p-x1) |
E+FT 11 N T
h h?

=yp+71 Y1t N
where h = xp — X

Putting x = x4 and therefo

4
V| v

7
(x3 =X 1)°

(X3 - x1) _
2!

1!

’ -

yp

) ff‘}_...
Y3 =y + Yl

.

re y = yy in (1), we geb,

el



8h3 16ht N

4n? ., on — iV
=y|+'2i$ y'rtr V1730 4 T

ituti in (3), we get
Substituting (4) and (5) in ( )
ubs g h? h3 h iy }

h g — "’
A ="%[yu+4{-v|+ﬁ>’n TRIETRANN TR

2 16h% .
’. 4h2 " .8_’.1_- "t g —— v }‘]
Subtracting (2) and (6), we get
% 4n5 . 5K :I
x|

.. The error in the interval (xq, x3),
4 5 . 24 - 25 ;
— (E-_l'g) h5 ylw — (_"—"‘-90 h5 ytv

= 90 Y1

Similarly, principal part of the error in the interval (x3, xs),

5 .
= "gg Y3' and so on.

Hence the total error E

= T9p Y ()

where y¥ (§) is the largest of the n quantities y,,

i, o
iv
y2n -1

e., E < Z0-a) B p_o b-a
v T o0 ['. on =h.ie, h="3 ]




- hd
< ~Tgo b~ a

- 1
_ prror in the Simpson’s 3 rule is of the order h4,

BN Example 1 NS

i 5,2
Compure the value of the definite integral [ log,x dx or
1

5.2 ; :
"/ In xdx using Simpson’s rule.

4

pivide the interval of integration into six equal parts each of
width 0.2 i-e, = 0.2. The values of the function y = In x are next
-alculated for each point of subdivision as given below.

T 40 | 42 | 44 | 46 | 48 | 50 | 52
1386294 | 1.435084 | 1.481604 | 1.526056 | 1.568616 | 1609437 1643633

-

Y0 Y1 2 3 y4 s 76

: - |
By Simpson’s 3 rule, we have

A

S

5.2

h |
[ Inxdx =3 [(o+ye) +2 (2 +y) +401+y3 +y5)] |

4 |_

I Bﬁual Earts using Simpson’s rule.

0.2

=73 [3.034952 + 2 (3.050221) + 4 (4.570577)]

—

52
[ Inxde= 1.827847

L4 -
73 Example 2 K

1 . - - -
Evaluate [ e’“xz dx by dividing the range of integration into 4

0 [Nov. '9]. Nov. 89]

| -0

—

i ' : lues
Here the length of the interval is h ="73 0.25. The valu

i

of the function y = ¢~** for each point of subdivision are given

be]ow_



L

e

—
~x [0 o025 | 05 | 075 I
e 2| 1 |0.9394 | (.7788 0.5698 | 0.3678
Yo Vi A D) 3 Ya

By _Siﬁjpsqn_’s rule we have

1
| e dx = !! [(y0+y4)+2y2+4(y1'*‘)’3)1 (

9—2—5 [1.3678 + 1.5576 + 6.6368]

2

= 0.7468
0

[ ex“dy =
Y Example 3 I

/2
Find the value of [ \/1-0.162 sin” x dx, using Simpson’s

0

aesi)

one third rule.

Let us divide the interval of integration into 6 equal

subintervals |
n2-0 =

i.e., h = 6 = 12 =15°
The values of the functiony =+/1-0.162sin°x for each
point of subdivisions are given below.
x| 0 A S | Sno| o
12 ~ 6 G 3 12 2
y | 1.0000 | 0.9946 | 0.9795 | 0.9586 | 0.9373 | 0.9213 | 0.9154
Yo Vi V2 V3 V4 s Y6 |
1
By Simpson’s 3 rule, we have
- ]

n/2

h
IJ’dx =3[0+ y6) + 4 (y) + y3 + y5) + 2(y2 + 4l

J
|
|
u



n/2
\[1'7) 62 sin” x dy = I 6 | (1.0000 + 0.9154)+ 4(0.9946

e ——— + 0.9586 +0.9213) + 2(0.9795 + 0.9373) ]

n/2 S
f \/T:EI()Z sin’ x dx= 1.5051

- ¢ T «

: . x2
Find the value of log 2 from (j)m dx using Simpson’s %
rule with h = 0.25.

[April '91]

2

Given h = 0.25. The values of the function y = lix3 for each

pomt of subdivisions are given below.

L,x 0] 025 | 05 [ 075 | 10
x2 0 | 0.06154 | 0.22222 | 0.39560 | 0.5000 |
E Y0 Y1 ) y3 Y

1
By Simpson’s 3 rule, we have

: h
[T+ &= 3 [(yg + Y4) + 22 +4 01 +73)]

!
m -

+4(0.06154 + 0.39560)]

025 (0.5 +0.44444 + 182850

——

2
[+5— dx= 0.231083

- e

We know that,



|
dx = 3 |lng(l+.\'1)l(l}

|
%‘(log 2-log 1) = 3 log,2

I

1
Slog2” = ({l g dx

log2® = 0.231083 |
¢ EEEE o
When a train is moving at 30 metres per second steam is sh:;

off and brakes are apphed. The speed of the train (V) in metres

per second after seconds is given by
¢ 0] 5 [10]15]20 25|30 |35 40

v 30 24 | 19.5 16 |13.6]11.7(10.0] 85 7.0
Using Simpson’s rule determine the distance moved by the
train in 40 secs.

We know that velocity is the rate of change displacement.

ie., V¥V = '3—': ords=V dt

Here we have to find the total distance moved by the train i

40 secs.

40
[ Var

0
The given table is

"+l 0[5 [10]15[20[25]30]35 | 40
V30 4 T195[ 16 [13.6|11.7]100] 85 | 70
_“______\_/0 V) | | V3 | V4| Vs | Vg | Vs, .; Vs__f
By Slmpson s rule we hav(, | S

40

[ Vdi

0



h
= 3 [Vo+ V) +2(Vo 4+ V4 V) + 4V, +V3+ Vs + Vo)
8

_ TI[37 +2(09.5413.6 410.0)+ 4(24 +16 +11.7 + 8.5)]

D
= 3 [37 + 8(1.2 +240.8] = 606.66 metres.

" Distance moved by the train in 40 secs = 606.66 m.
| L Example 6 JFY
~rened=1 el =: 2
Given e7 =1, e’ = 2.72, ¢2 = 739 o3 = 20.09, ¢! = 54.60. Use

4
Simpson’s rule to find an approximate value of | & dx. Also

0
compare your result with the exact value of the integral.
m [AMIE, S '88]

The given values can be arranged in the form of table as given
below.

x 0 1 2 3 | 4
yi= gk 1 272 739 | 2009 | 54.60
Y0 Y1 Y2 Y3 | Y

B;Simpson’s rule, we have ]

4 h |
I ecdx = '5 [(yo+y4)+2y2+4(yl+y3)] |
!. 0 J

[55.60 + 14.78 + 4 (2.72 + 20.09)]

(70.38 + 91.24]

1
3
1
3

4
[ exdx = 53.8733
0

Now by ordinary integration we gel
? edx = (ex)g A0 = 54598 -1
0

i

4
I e‘dx = 53.598
0

e




A river is 80 /"){)f ")'fdf.’. The dep’h d. 'ntfgit'am?%\
feet from one pank is given by the following tabie: e

c ] 01020 [30 |4 501 60 [ 79[
[r o[ B9 sty W
the area of cross section of the ..

Find approximately [AMIE 5

us;’niv Simgrson 's rule. 76,

e i = 10. The given tableds S
e a0 |20 | %0 [ 40 [ 50160170 g
0o | 4 7 9 | 12 | 15 | 14 8 3

‘ y2 | Y31 Ya | Vs | Ve | y7 Vg

! X

i -f
7= |
1
By Simpson’s 3 rule, we have

80

Area of cross-section = [ y dx
0

Y1

h e
| - 3[@O+yg)+2(yz+J’4+}’6)+4(yl+>’3+y§+y7;1

} T

= _I§Q [3+2(33) +4(36)]

[[ Area of cross section = 710 sq. feet.

"3 Example 8 K]
14

' 1
~  Evaluate [ (sinx—Inx+e*) dx by Simpson’s 5 rule.
0.2

Let us divide the interval of integration into twelve equal pa
by taking h = 0.1. Now the table of values of the given functiof
y = sinx — In x + e* at each point of subdivision is as given below

x 02 | 03 | 04 [ 05 | 06 | 07 0%

= |

'y 3.02951 | 2.84936 | 2.79754 | 2.82130 | 2.89754 | 3.01465 3.160%
IR R R V4 ys | Yo
x| 09 | 10 | LI | 12 | 13 | 14
y |3.34830 | 3.55935 | 3.80007 | 4.06984 | 4.37050 | 4.70418

7 8 | Y% | Yo | yn | Y2~




1
By Simpson’s 3 rule, we have

o
— , e ee———
fydx =3 |(.V0+.V12)+2(y2+y4+)’6+V8+y10ﬂ

4(}’].4')’3 tys+y;+ Yy +_V||)IJ]'

Il

0.1 |
3 [7.73369 + 2 (16.49077) + 4 (20.20418)]
= 4.05106

1.4 o
s [(sinx =Inx +e*) dx = 4.05106 l
0.2

<38 Example 9 K3

/. 1 5
Use Simpson’s 3 rule to estimate the value of [ f(x) dx given

—

X 1 2 3 4 5
y=f@| 13 | 50 | 70 | 8 100
Yo Y1 y2 y3 | Y&

. 1
By Simpson’s 3 rule, we have

1
5 .
[ f(x)dx =%[(yo+y4)+2(y2)+4(yl+_\'-3)] !
l e R

e—

=-%-|' (13 + 100) + 2 (70) + 4 (50 + 80)]

1134 140+ 520]

5
[ fx)dx =
1




Y Example 10 KX

Evaluate J' £ (x) dx from the following table by Simpson ’s%.

4

: 3
By Simpson’s g rule, we have

4
{ [ f(x)adx
\

—

3h
8

[o+y3) +3 01 +¥2)]

}igll'[l+3(8)+3(27)+64]

—

3
-38—[1+24+81+64] = g [170]

4
[ f(x)dx = 63.75
1
"3 Example 11 )
. _ /2 3
Evaluate | sinx dx, using Simpson’s 3 rule.

. .3
To use Simpson’s 3 rule the number of subintervals should

be a multiple of 3. Hence we divide the interval of integration

0

n : . . .
(0 ) ) into 9 subintervals of width Tng . Let y = sin x. The values

of the function y = sin x for each point of subdivisions are given

below.
x 0 s 2n In 4n S A
7 &5 2n an n n n
y 0 | 01736 | 0.3420 | 0.5000 | 0.6428 | 0.7660 | 08660 | 0.9397

® UNIT3

..........................
.................................................
- 0



a—
Lo, 3
By Simpson’s 8 rule, we have

e

dx = 2N
({ ydx = "¢ [(yo+yg) +3(yy+yy +ys + ystyr1+Yg)
+ 2y + yg) |
71;2 |

, m
[sinxdx= 2210+ 1)+ 3(0.1736 + 0.3420 + 0.6423

(0
+0.7660 + 0.9397 + 0.9848) + 2(0.5 + 0.8660) ]

- ___é_ 48 (]5 2787)
n/2
[sinxdx = 0.999988

0

T /2
Checking : [ sinxdx = [ —cosx )" =1.

0
*J Example 12 K7
The velocity V of a particle at distances from a point on its

path is given by the table : B
~ S(feety | 0]10]20|30 40 50 60

'V (feet/sec) | 47 | 5864 | 65| 61 |52 38
Esumate the time taken to travel 60 feet by using Simpson’s

one-third rule. Compare the result with Simpson’s g rule.

[AMIE §' 9C

Solution
f displacement is velocity

We know that the rate of change 0

ds
L4y
e
(or) ds = V dt
I |
: s = (S D
e, dt =y (s |
Here we want to find the (ime taken to ravel 60 feet. Theretore
ol 60 I
J d[:: JV ds

integrate (1) from 0 to 60, W€ get )
0



The time taken to travel 60 feet is

()(]l 60
t o= [y ds = [ ydx
0 0

The given table can be written as given below.

e
x(=s)| 0 10 20 30 40 | 50 \ 60 |
1 10.02127/0.01723/0.015630.01538 0.01639\0.01923[0.0263"’
=1y
Vi v Vi ¥ 3 va | Y5 |

| : =
By Simpson’s one third rule, we have

60 o _“‘““‘-w.l
( fyd.x:% [ +Y6) +2 (2 +y) +4 (1 +y3+y5)] |
J '1

——— |

= -13—0 [(0.02127 + 0.0263) + 2 (0.01563 + 0.01639)
+4(0.01724 + 0.01538 + 0.01923))
= 1—30- [0.04757 + 0.06404 + 0.2074] = 1.063 secs.
Hence time taken to travel 60 feet is 1.063 secs.

By Simposon’s % rule

6 3h
) (j;ydx = ?[(y0+y6)+3(yl+y2+y4+y5)+20;3)]
3x 10
= T g [(0.02127 + 0.02630)
+3(0.01723 + 0.01563 + 0.01639 + 0.01923)
+2 (0.01538)]
= 3.75 [0.04757 + 0.20544 + 0.03076]
60 -

[ ydx = 1.064 secs.
0




- : —

e o g ) - Tt
By dividing the range into ten equal parts, evaluate | sin x dx

0
P o d :
py using Simpson’s 3 rule. Is it possible ¢, evaluate the same by
L 3th
simpson’s g rule. Justify your answer.

solution_

Hererange=n -0 = g
n

h=76

The values of the function y = sin x for each point of
subdivisions are given below.

7T ] = 2n B an s | 6 | x| On
G 10 10 10 10 10 T0 10 10
“TTT 03090 | 0.5878 | 0.8090 | 0.9511 | 1.0 | 09511 | 08090 | 05878 | 03090 0
..._-a——lg N i) Y3 Y4 Ys Y6 Y7 Vg Yo 0

1
By Simpson’s 3 rule

T h
J sinxdx =3[(vo+y10) +2 (2 + Y4 + Y6+ Vp)
0

+4 (y) +y3+ Y5+ ¥7+ Yol

T

10
=3 [(0+0)+2(0.5878 + 0.9511 + 09511

+ 0.5878) + 4 (0.3090 + 0.8090
+ 1.0 + 0.8090 + 0.3090)]

Y

L4
[ sinxdx =2.00091
0

th
Note : Here we cannot use Simpson’s 3

il

rule since the

Subintervyals is notanlu!l'iple__(_)t_'__?:._




7 GAUSS QUADRATURE FORMULA

Carl Frederich Gauss approached the problem of numerical
tegration in a different way. Instead of finding the area under the
siven curve, he tried to evaluate the function at some points along
with the abscissa. Here the values of abscissa are not equal. Then
apply certain weight to the evaluated function.

Thus for Gauss two point formula,

b |
[ fydx = | f()dt
a -1

= @1 f(t) twy f() ... (1)
The function f(¢) is evaluated at #; and #;. ®; and ©, are the
weights given to the two functions.

The basic methodology is explained as given below for Gauss
two point formula.
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Weddle's rule

Put n = 6 in Newton

Neglecting all differences

Cote's rlll;n\rnt nre f””””‘“-
order higher than sixth, we get

464 : 9 123

- o A 125 4
, flrydr = h |6yo + 18y + 21 AZU‘-' +2487Yo + 10 o
. 33 . 11 ]
ety — A%l .
+10_\ Yo + 710 Yo
42 3 .6 .
\\"-. now [r‘])iﬁr(’ T,h(,’ term m:&” 0 b OAeyU —_— Tﬁl yo .‘\3 a I'esult (}f thl.‘_‘;

hAGyg

adjustment the error crept in is which is very small and negligible when

hoand A"y are small. Using E —1= A and replacing all differences in terms

!
of y's we get

o +6h 3h
/ flr)dr = 10[yo+‘>y1+yz+6y3+y4+vyj+Jb
Similarly

e 3h
~/w,+‘,;‘. f(J_'Jd_-f: = ) [fjr, + ')?j" Us o+ Uy -+ Y10 - 5911 - Urz]

A SR [

(ridr = — L . B 3
_/“‘1_{“”‘.'”{ f )i 10 {,"}r.-—f. { -5 + Yn—4 + ()y”_:,‘ B Yn—2 + DYn-1 + Un|

(Assuming u is a multiple of 6.
Adding all these integrals we pet
T 1, '
. —— e —— o B e |
(Ve - 1 po . -
. /: Jtx) ' Yot 981+ 4+ Gyy 4 yy + D)

. -.f;

u‘z% F Oyt s+ Gy + Y1o + Syp) + - - -
- + Ura-—‘; 't ”}; 5 '. .{!:L___ij‘*_:} -+ UYn2 - 5yn_1 + yrl)]'

l llh equation is called Weddle s ;uh




0 GAUSSIAN QUADRATURE (3 POINT) FORMU| A |

b |
[ f(x)ydx = [ f(ndt
|

(¢
where the interval (a, h) is changed into (=1, 1) by

transformation,
h+a ' (h-—a)t
X = ) 2

T 'l

Then Tf(f) dt = A f)+ A f(ty)+ Ay f(13) i:
1 |

where A, = A3 = 05555

A, = 0.8888

(, = —0.7745

ty = 0

13 = 0.7745

M Example 1 IS —

2

dx .

Evaluate | —_ using Gauss 3 - point formula.
I

Transform the variable from x to ¢ by the transformation

b+a b—a
x=( 2)+(2 }
-2 2
3+t
ie., x = 737
2 |
dx
L= [ = [ fod
B =
= AL f() Ay flp) A3 f3) )

Ay = Aj = 0.5555
Az = ().8888 }

.. (2)




I
f) = [E07745) = TG = 0.4493 )

|
f() = [(0) 3 (0.3333 .(3)

| |
J() = RO.7745) = T70F54c — 0.2649

qubstituting (2) and (3) in (1), we get
I = 0.5555(0.4493) + (0.8888 (0.3333) + (0.2649) (0.5555)
1=0.6929 |

RPN € oo 2 Y

1.5

4y 2
Evaluate | €X"dx  using the three point  Gaussian
0.2

—

Quadrature.

Transform the variable from x to ¢ by the transformation

(232)+ (),

wherea=02,b=1.5

1.7 1.3
=3 ¥73
e, x =1'7+2]'3’ = dx = ‘—32—5 = 0.65 dr
1.5 5
[ = [ eX dx
0.2
| (l.7+ 1.3 1)2
= [ -e 2 (0.65) dt

-1

| (1.7 +1.3 1)3
=065 [-e\ 2/ di st

|
[ = 0.65[A; f(1)+ Ay f(r) + Ay /(1) . (2)




(1.7 1.3 ;)2
where A1) = ¢ :

A, = 0.8888 -0
1.7+ 1.3(-0.7745)\2
(1)) = £(-0.7745) = ¢

= (.8868
(M@JZ
ain 2 1
f(y) =) = e l/
= (.48555 |4
(1.7 +1.3 (0.7745)‘)2
- 2

f(r;) =f0.7745) = e |
= 0.16013 )
Substituting (2) and (3) in (1), we get
[ =0.5555(0.8868) + 0.8888 (0.4855)
+ (0.5555)(0.16013
=(.4926 + 0.4315 + 0.08895
| I =1.01307

.} Example 3 ¥

I
1
Evaluate | 5= dt by Gaussian quadrature formula.
0

Transform the variable from f to x by the transformation

_(bta b- a
)

Herea=0, p =1.

B x+ 1 dx
r=3+3 =5 =a=5

ST R

1

2

whenr=0, x=- |
t=1,x=1



l I..‘” I dx/2
II o [ v I
0 0 (3 )
I dy
PEEEN
. |
| L= Aifix) + A finy) o Ay flx)) ! (2)

|
\\llCrc_ﬂ-") - Y43

A; = Ay = 0.5555

-

Y= fle '

1
fp) = f(0) =3 = 03333

|
f(x3) = f(0.7745) = G=7z573 = 0.2649 (%)

Substituting (3) and (4) in (2), we get
[ = [0.5555x0.4493 +0.8888 x 0.3333
+ 0.5555 x 0.2649]

= [0.2495 + 0.2962 + 0.14715]

I = 0.69285
"3 Example 4 K~
1 _dx

Evaluate | T 7.7 » using Gauss 3 point formula.
0 |

Transform th

e variable from x to / by the transformation

x = (b;a)+(b2a)‘
| ¢t
=373 7 2
; (+ 1 when x=0,1=-1
z.e.,x=T
dt yv=1,1=1
de= 5



| Tad Iy 2
| 4 II+(“"2‘)
l dt
[ 44 (14 Il
R A+ Aaf )+ Al ] | el
|
where fir) = d+(+1)
A= Ay = 0.5555 A2
A, = 0.8888
I
Ry = fE0T745T = 4007745 + 1)
i
= (.2468 |
I |
ﬁ[z) =f(0) =4m+.l = 02 [
] |
f3) = fOT78) = 07745 + 1) |
=0.13988 J

Substituting (2) and (3) in (1), we get
I = 2[0.5555(0.2468) + 0.8888(0.2) + 0.5555(0.13988)]
= 2[0.39256 ]

1= 078512
(J Example 5 I
2

_dx
Evaluate I [ + 3 Using Gauss 3 point formula.

['ransform the variable from x to by the transtormation

_ ’)’ru b_“‘
v = 5 (e I

[




r ‘h'——-- - | I df
l - ‘[ l 1y [ kl | ’)! )
l I -
!
‘ |
- 4 IR'(MH‘ dr (1)
|
' 1
| = 4 ]I EEEY, di
= A LU A F() Ay (1) (2)
where f“) bl (3 + 1)3“{"8
A = Az = 0.5555
A, = 0.8888 } (3)
I
Y = — = e 3
fuy = f(=0.7745) G 07745718 - 00529
_ 1
f(tn) = f(0) = 35 = 0.0285 }
= f(0.7745) = | = 00162 4

J
Substituting (3) and (4) in (2), we get

[ =41[0.5555 x 0.0525 + 0.8888 x 0.0285 + 0.5555 x 0.0162]
=4[0.06349 ] .

1=0.2539

B 0 EXERCISES O I

I )

. Applying Gauss’s quadrature 3 point formula, evaluate |
ﬁ

[Ans : 0.25009)

lil'

X

|
2. Evaluate [ xdx by 3 point Gaussian formula. [4ns : 0.4999)

0
|

10 —3
3‘EV1 a . . ) I*\'“’,‘ .4 0
aluate by Gaussian 3 point formula jv dx. [4ns : 11.986]
0



SCANNED BOOKS

1. Dr. A. SINGARAVELU, Numerical Methods (revised version) July 2008,
Meenakshi Agency, Pushpa Nagar, Medavakkam, Chennai 600 100.

2. Dr. A. SINGARAVELU, Numerical Methods (19" revised version) December
2012, Meenakshi Agency, Pushpa Nagar, Medavakkam, Chennai 600 100.

3. S. ARUMUGAM, Numerical Methods (Second Edition), Scitech Publications
(INDIA) Pvt. Ltd. Chennai 600 017.



