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Inverse matrix- Gauss elimination and Gauss Jordan

Apart from the Gaussian elimination, there is an alternative method to calculate the inverse
matrix. It is much less intuitive, and may be much longer than the previous one, but we can always
use it because it is more direct.

Let's remember that given a matrix A, its inverse A™! is the one that satisfies the following:

AA =

where | is the identity matrix, with all its elements being zero except those in the main diagonal, which
are ones.

The inverse matrix can be calculated as follows:

A—lzi Addiyt
Where:

A"'— Inverse matrix

Given a square matrix A, which is non-singular (means the Determinant of A is nonzero); Then
there exists a matrix

Afl

which is called inverse of matrix A.

The inverse of a matrix is only possible when such properties hold:

1. The matrix must be a square matrix.
2. The matrix must be a non-singular matrix and,
3. There exist an Identity matrix I for which

AAT=ATA =|
In general, the inverse of n X n matrix A can be found using this simple formula:

1 _ Adj (A)
A = Det (A)
|A|— Determinant
A Adjoint matrix
A'— Transpose matrix

Methods for finding Inverse of Matrix:
Finding the inverse of a 2x2 matrix is a simple task, but for finding the inverse of larger matrix
(like 3%3, 4x4, etc) is a tough task, So the following methods can be used:

1. Elementary Row Operation (Gauss-Jordan Method) (Efficient)
2. Minors, Cofactors and Ad-jugate Method (Inefficient)

Gauss-Jordan Method is a variant of Gaussian elimination in which row reduction operation
is performed to find the inverse of a matrix.

Steps to find the inverse of a matrix using Gauss-Jordan method:
In order to find the inverse of the matrix following steps need to be followed:
1. Form the augmented matrix by the identity matrix.
2. Perform the row reduction operation on this augmented matrix to generate a row
reduced echelon form of the matrix.



3. The following row operations are performed on augmented matrix when required:
o Interchange any two row.
o Multiply each element of row by a non-zero integer.
e Replace a row by the sum of itself and a constant multiple of another row of the
matrix.

The Jacobi and Gauss-Seidel Iterative Methods
The Jacobi Method Two assumptions made on Jacobi Method:

1. The system given by
ar1xX1 + aXo+....a1nXn = b1
A21X1 + azXo+....a2n%n = by

an1X1 + an2Xot....annXn = bn
Has a unique solution.

2. The coefficient matrix has no zeros on its main diagonal, namely, ai1, a2, ......... am are
nonzeros.

Main idea of Jacobi To begin, solve the 1% equation for , the 2" equation for x.and so on to
obtain the rewritten equations:

X1 = 1/ a11 (br-ai2Xe-a13Xs-.......... a1nXn)

X2 = 1/ az (bz-a21X1-a23Xs-.......... a2nXn)

Xn = 1/ dnn (bn‘anl)(l‘an3x2' .......... anan-l)
Then make an initial guess of the solution x©@ = (x1©@, x.©@, x3©,....... xn®) . Substitute these
values into the right hand side the of the rewritten equations to obtain the first approximation,
(xa®, %®, %@, xnM ). This accomplishes one iteration.
In the same way, the second approximation (x1?, x.®, x3@,....... xn® ) is computed by

substituting the first approximation’s x- vales into the right hand side of the rewritten equations.

The Jacobi Method. For each k >1, generate the components xi®¥of x ® from x &Dpy

= =30 (—ayx V4 b, fori=12,..n
Main idea of Gauss-Seidel, With the Jacobi method, the values of xi® obtained in the k™"
iteration remain unchanged until the entire (k+1)™ iteration has been calculated. With the
Gauss-Seidel method, we use the new values xi**Vas soon as they are known. For example,
once we have computed x:**Dfrom the first equation, its value is then used in the second
equation to obtain the new x**% and so on.
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Unit- 111: Solution of Algebraic, transcendental and differential equations

Bisection method- Method of successive approximation — Regulafalsi Method —
Newton — Raphson method - Taylor series method- Euler’s method Runge Kutta method
(11 and 1V order)

Bisection Method

In mathematics, the bisection method is a root-finding method that applies to
any continuous functions for which one knows two values with opposite signs. The method
consists of repeatedly bisecting the interval defined by these values and then selecting the
subinterval in which the function changes sign, and therefore must contain a root. It is a very
simple and robust method, but it is also relatively slow. Because of this, it is often used to
obtain a rough approximation to a solution which is then used as a starting point for more
rapidly  converging methods. The method is also called the interval
halving method, the binary search method or the dichotomy method.

The method is applicable for numerically solving the equation f(x) =0 for
the real variable x, where fis a continuous function defined on an interval [a, b] and
where f(a) and f(b) have opposite signs. In this case a and b are said to bracket a root since,
by the intermediate value theorem, the continuous function f must have at least one root in the
interval (a, b).

At each step the method divides the interval in two by computing the midpoint ¢ =
(a+b) / 2 of the interval and the value of the function f(c) at that point. Unless c is itself a root
(which is very unlikely, but possible) there are now only two possibilities: either f(a) and f(c)
have opposite signs and bracket a root, or f(c) and f(b) have opposite signs and bracket a
root.®) The method selects the subinterval that is guaranteed to be a bracket as the new
interval to be used in the next step. In this way an interval that contains a zero of f is reduced
in width by 50% at each step. The process is continued until the interval is sufficiently small.

Explicitly, if f(a) and f(c) have opposite signs, then the method sets ¢ as the new value
for b, and if f(b) and f(c) have opposite signs then the method sets c as the new a. (If f(c)=0
then ¢ may be taken as the solution and the process stops.) In both cases, the new f(a) and f(b)
have opposite signs, so the method is applicable to this smaller interval

The input for the method is a continuous function f, an interval [a, b], and the function
values f(a) and f(b). The function values are of opposite sign (there is at least one zero
crossing within the interval). Each iteration performs these steps:

1. Calculate c, the midpoint of the interval, c = a + b/2.

2. Calculate the function value at the midpoint, f(c).

3. If convergence is satisfactory (that is, ¢ - a is sufficiently small, or |f(c)| is sufficiently
small), return c and stop iterating.

4. Examine the sign of f(c) and replace either (a, f(a)) or (b, f(b)) with (c, f(c)) so that
there is a zero crossing within the new interval.
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When implementing the method on a computer, there can be problems with finite
precision, so there are often additional convergence tests or limits to the number of iterations.
Although f is continuous, finite precision may preclude a function value ever being zero. For
example, consider f(x) = X — m; there will never be a finite representation of x that gives zero.
Additionally, the difference between a and b is limited by the floating point precision; i.e., as
the difference between a and b decreases, at some point the midpoint of [a, b] will be
numerically identical to (within floating point precision of) either a or b.

Method of successive approximation (lterative Method)

In computational mathematics, an iterative method is a mathematical procedure that
uses an initial value to generate a sequence of improving approximate solutions for a class of
problems, in which the n" approximation is derived from the previous ones. A specific
implementation of an iterative method, including the termination criteria, is an algorithm of
the iterative method. An iterative method is called convergent if the corresponding sequence
converges for given initial approximations. A mathematically rigorous convergence analysis
of an iterative method is usually performed; however, heuristic-based iterative methods are
also common.

In contrast, direct methods attempt to solve the problem by a finite sequence of
operations. In the absence of rounding errors, direct methods would deliver an exact solution
Iterative methods are often the only choice for nonlinear equations. However, iterative
methods are often useful even for linear problems involving many variables (sometimes of
the order of millions), where direct methods would be prohibitively expensive (and in some
cases impossible) even with the best available computing power.

If an equation can be put into the form f(x) = x, and a solution x is an attractive fixed
point of the function f, then one may begin with a point x1 in the basin of attraction of x, and
let Xn+1 = f(Xn) forn>1, and the sequence {Xn}n>1 will converge to the solution x.
Here Xn is the nth approximation or iteration of x and Xn+1 is the next or n + 1 iteration of x.
Alternately, superscripts in parentheses are often used in numerical methods, so as not to
interfere with subscripts with other meanings. (For example, X(n+1) = f(X(n)).) If the
function f is continuously differentiable, a sufficient condition for convergence is that
the spectral radius of the derivative is strictly bounded by one in a neighbourhood of the fixed
point. If this condition holds at the fixed point, then a sufficiently small neighbourhood (basin
of attraction) must exist.

Regula Falsi Method

In mathematics, the regula falsi, method of false position, or false position method is a
very old method for solving an equation with one unknown, that, in modified form, is still in
use. In simple terms, the method is the trial and error technique of using test ("false") values
for the variable and then adjusting the test value according to the outcome. This is sometimes
also referred to as "guess and check”. Versions of the method predate the advent
of algebra and the use of equations.

Modern versions of the technique employ systematic ways of choosing new test
values and are concerned with the questions of whether or not an approximation to a solution
can be obtained, and if it can, how fast can the approximation be found.
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Two basic types of false position method can be distinguished historically, simple
false position and double false position.

Simple false position is aimed at solving problems involving direct proportion. Such

problems can be written algebraically in the form: determine x such that
ax=>b

if a and b are known. The method begins by using a test input value x’, and finding the
corresponding output value b’ by multiplication: ax’ = b’. The correct answer is then found by
proportional adjustment, x = % x'

Double false position is aimed at solving more difficult problems that can be written
algebraically in the form: determine x such that

f(x)=ax+C =0,
if it is known that
f (x1) = b1, f(x2) = b2.

Double false position is mathematically equivalent to linear interpolation. By using a
pair of test inputs and the corresponding pair of outputs, the result of this algorithm given by,

_ b1x2 —b2x1
T T b2
Newton- Raphson Method

In numerical analysis, Newton's method, also known as the Newton—Raphson method,
named after Isaac Newton and Joseph Raphson, is a root-finding algorithm which produces
successively better approximations to the roots (or zeroes) of a real-valued function. The
most basic version starts with a single-variable function f defined for areal variable x, the
function's derivative f’, and an initial guess X0 for aroot of, f. If the function satisfies
sufficient assumptions and the initial guess is close, then

fx)
f(x)
is a better approximation of the root than X0 Geometrically, (x1, 0) is the intersection

of the x-axis and the tangent of the graph of , fat (x0, f(x0)): that is, the improved guess is
the unique root of the linear approximation at the initial point. The process is repeated as

f ()

X =X, —
n+1 n f,(xn)

glx) = x—

until a sufficiently precise value is reached. This algorithm is first in the class
of Householder's methods, succeeded by Halley's method. The method can also be extended
to complex functions and to systems of equations.
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Taylor Series Method
To derive these method, we start with a Taylor Expansion:
y (t+ At) = y(t)+Aty’ (1) + 1/2 A2 y” (1) + ... + 1/rt yO (DAL

Let’s say we want to truncate this at the second derivative and base a method on that. The
scheme is, then:

Vi1 = Yo + Tt + Pi/2 AL,
The Taylor series method can be written as
Yn+1 = Yn + At F (tn, Yn, At)
where F = f+ 1/2Atf. If we take the LTE for this scheme, we get (as expected)
LT E(t) =y (tn + At) — y(tn) At — f (tn, Y(tn)) — 1/2 Atf* (tn, Y(tn)) = O (At?)
Of course, we designed this method to give us this order, so it shouldn’t be a surprise!

So the LTE is reasonable, but what about the global error? Just as in the Euler Forward
case, we can show that the global error is of the same order as the LTE. How do we do this?
We have two facts,

Y(tnr1) = y(ta)+AL F (tn, y(tn), At),
and
Y+t = Yn + AtF(tn, Yo, At)
where F = f + 1/2Atf". Now we subtract these twos
y(tar1) = ynea| = [Y(tn) — yn + A(F(tn, Y(tn)) — F(tn, Yn)) + ALLT E|

< [y(tn) = yn| + At [F(tn, Y(tn)) — F(tn, )| + At|LT E].
Now, if F is Lipschitz continuous, we can say

en+1 < (1 + AtL)en + At |LT E|.

Of course, this is the same proof as for Euler’s method, except that now we are looking at F,
not f, and the LT E is of higher order. We can do this no matter which Taylor series method
we use, how many terms we go forward before we truncate.

Advantages and Disadvantages of the Taylor Series Method:
Advantages a) One step, explicit
b) can be high order
c) easy to show that global error is the same order as LTE
disadvantages Needs the explicit form of derivatives of f
Euler’s Method
If we truncate the Taylor series at the first term
y (t+ At) = y(t)+Aty’ (t) + 1/2 At? y” (1),

we can rearrange this and solve for y’ (t)



Yy’ (f) =y (t + At) — y(t) /At + O(At).
Now we can attempt to solve (1.1) by replacing the derivative with a difference
y ((n + 1) At) = y(nAt) +At f (nAt, y(nAt))
Start with y(0) and step forward to solve for any time.

What’s good about this? If the O term is something nice looking, this quantity decays
with At, so if we take At smaller and smaller, this gets closer and closer to the real value.
Also, even though this may be a good approximation for y’ (t) it may not converge to the
right solution. To answer these questions, we look at this scheme in depth. Terminology:
From now on, we’ll call yn the numerical approximation to the solution y(nAt); tn = nAt.
Euler’s method can then be written

Yn+1 = Yn + At £ (tn, Yn) n=1,.,N-1
Runge-Kutta Method

To avoid the disadvantage of the Taylor series method, we can use Runge-Kutta
methods. These are still one step methods, but they depend on estimates of the solution at
different points. They are written out so that they don’t look messy:

Second Order Runge-Kutta Methods:
k1= At f(ti, yi)
ko = At f(ti + aAt, yi + Bk1)
Yi+1 = Yi + aky + bk

let’s see how we can chose the parameters a, b, a, B so that this method has the highest order
LT E possible. Take the Taylor expansions to express the LTE:

ki(t)=At f (t, y(t))
ko(t)=Atf (t + aAt, y + Bka(t)
= At (f(t, y(t) + fi(t, y(t)aAt + fi(t, y(t)Bki(t) + O(At?))
LTE(t) = y(t +At) — y(t) /At — (a /AY) f(t,y(t))At — (b / At) (fi(t, y(t))aAt + fy(t, y(t)Bka(t)
+ f{t, y(t)) At + O(At?)
= y(t+At) — y(t) 1 (At ) —af (t, y(t)) — b, y(t)) — bfi(t, y(t)a
— bf(t, Y(t) BAt, y(1) + O(AL?)
=y’ (t) + 1/2Aty"(t) — (a + b)f(ty(1)) — At(bafit,y(1)) + bBRE, y(O)E(ty(1) + O(AP)
=(1—-a—b)f+(1/2 - bo)Ath + (1 /2 — bR)Athf + O(At 2)
Sowewanta=1-b,a=p=1/2b.
Fourth Order Runge-Kutta Methods:
ki = At f(ti, Vi)
ko = At f(ti + 1/2 At, yi + 1/2 ki)
ks = At f(ti + 1/2 At, yi + 1/2 ko)



ks = At f(ti + At, yi + Ka)
Vis1 = Vi t 1/6 (kl + ko + ks + k4)

The second order method requires 2 evaluations of f at every timestep, the fourth order
method requires 4 evaluations of f at every timestep. In general: For an rth order RungeKutta
method we need S(r) evaluations of f for each timestep, where

r forr <4
SN=r+1 forr=5andr =6
>r+2 forr >

Practically speaking, people stop at r = 5. Advantages of Runge-Kutta Methods
1. One step method — global error is of the same order as local error.
2. Don’t need to know derivatives of f.

3. Easy for” Automatic Error Control”.
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Ao =3 n=o

Koy = My - T CEN)

:F’(’(n)
Hn, -
= Ay - :-F-\-S.zt__ﬂ_ = ‘3__01"2-) '3 (-3)
/ —_— = -
21 _— 35
7f| '.'.“_3-5 5 n=‘
ph‘\-H = '){_n - ft')(n)
f,('){n')
=, - ) _ 5 (2028)
f'e)
X2 = 3.4ba3
X2 = 3'4643 n=2
6.0013
X3 =y - T2) 5 Li4s-
£ 2 L. 9286
1?3 = 3. 464/ ]
R3 = 3.4bg)1- n=3
fexg) Lt (-0-00001)
- —— = 3.4b4¢! -~ ———
flixz) b-9282

R4 =3 .404 |
o Hence the neal »west e% the equalien =3-4b4
Eulon’s Methed
Setue dy ) = 14wy wibh Yo) =2, Using Eulen’s Melhod

i _,b,u\d _ws.w(:] 4 o1, Y (02, Y (o-3), |

L T S T S S e S —_—




—

sttt The Emlen’s ,bgum
gm-n =ym+hf(um|3m)
d/j/d-,t =f(xy) = FO+2y)

Xg =0 , LJD=2‘ h=0-1, N=0

di = 30-1-(0-13 -6(0-2)
=y w21 (140 ()]
=240

g =2-1

o = '}(O+h - 04+0-]

Xy =Bl | \d =2-1, h=0-1, n =1

J2 -—L3,+h‘ﬁcx.,t3.)
=2.1 +0-1 {I-I—Lo.l)(?.-l)j

=2-140-1 (3-2)

t‘j?. = 2'22”

RNz = x|+h
=0-1+0-1|

X2 :O-Q;l
Yg =y, +hf (*2:9a)

—3.221 + 0l [1_;.(9.9_3 (9,-9_9.0]

=2-22140' 14442

Y3 = 2-3b54

?3 :7{:_4-“1 - 0-3

%(O-l): 2.
Y (0.2) = 2- 221
'3(0-3) =2-3b54



R.K Methed E.Q,l:ond.oﬂ,l)ding Jum?ad(ubtq Jndhbdl%
4™ onden cbj/cﬁx N e N go)=1 vk x=02,0:4

K
Ky = hB (xo+h/,_s - [ '/z_) =0-2 (0401 ,140-1)
=@ 2 (01l

= 0:2(0-9836)

Ko =0'|qb7l

K3 = hd (se+%, 5 Yot "¥2) =02 (010.1,140.0984)

—

eag (G-I,l.ong_')
=0-2(0:983b)

Kz =0-1967

Kg :.h-rJ (no+h > Yotksd =0-2 (0402 ,1+0-1967 )
= oo g (B2, T-1967

=0-2(0-9467°

’ k_4,:0-185m

Ag - ]/‘3 (k|+2k2+2'<3+|<4.)

=/, (0:2+40:3934+0-3 534 4 0-189, 9
=l (1-1759)
ay =0-19598
Y, =Yp+4y =1+0-19598

3,:[-!515‘:]?! -




e S G Al |
Na =64 32::?
M, =0-2 H,:lolqsqs,h:o-z

2

K\ —_hﬁ (,,4,) =0-2(0-2,!:19598)

= 0-2 (6:-945b2
K, ‘-‘-O-IB"]_I}

K2 = hJB (%, +h/2 > ‘j.-l-K'-/a_) = 0-2(0-2+0" ,1-1959 8
=0-2(0-3>!-2906)

+0-0R4b)

=o0-2 (0-8975)

Kz = h‘B (¢, +h/2_ » ‘dl-—l- kz/zJ =0-2 (0-24+0-1 ,!" Iqqu-I-O-OBCITi)

=0.2(0-3, 12857
=6-2 (0.8967)

\Kg =0-1793

0-1793)
Kg = h% (2, +h lj,'i'KS) =0-2 (02 +0:2,1-19598+

=06.2 (0-4 5 1°3753 )
=02 (0:-8440D

Ba = O-IEBE]

A‘d =1 (K,+‘2K2+2K3+K4.)

=1/, (0-1891 +0- 5588 +0-358b+0- 1688 )
- |- 0783
b

4y = o- 1792

(jZ =Y,+4y
= 1-19598 +0-1792

L.jz =1.37652
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Qumies Mebhed .
Set Yy'=n*-y
Ao=0 Yo = .7 e
I R2 lj " K3 8 III+ y# W
G = Yor o/ o'+ " B0 4 gy B S
y oty ‘jo! = %y = Yo
=(0)'=1 = -1
Lj":z_x—‘j' ‘db":‘ZXO—ldo’
=2(0)=-(-1) =1
m ! |
'j '...-..Z"H‘r ‘dou-:?."ljo”
| =2 -) =\
| W "
o B (V] - 1]
J "d i Ldu
= =(1) = -]
2 3
- . 4
4, :l+_"_i(_|)+(° . )+ sl P9 (.E’_'_'__), =124
| = 3 =

= |4(0-1) (=12 +0-005 +0-000!b 4 0- 000004 (~1)

'-al = 0-905156b
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