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                                             UNIT  I 

N AND GENERAL FORMULATION  

Posulates of Quantum Mechanics 

1. r

y, z, t)                           [Here system means any free particle]. 

2. Each dynamical variable is represented by a linear operator (called Hermitian 

operator).  The operator gives the only possible result of observable.                  

[Here dynamical variable means measurable quantities]. 

 

Quantity Classical definition 

/dynamical variable 

Operators 

Position r r 

Momentum p 
 

 

Angular momentum r x p 

 
 
  
 

Kinetic energy 
½ mv2 = p2/2m 

(p=mv) 

       OR 
 

 

 
Potential energy V V=V(x, y, z) 

Total energy p2/2m + V(r) 

 + V(r) 

(time independent) 

 

(time dependent) 
 

 



3. If a large number of measurements of a dynamical variable A is made on a particle 

for which the wave function is , we get different values of  A during different 

trials.  The probable value  of A  (known as expectation value) is given by 

 

 

 

Examples- 

1. Expectation value of momentum  is  

 

 

 

 
2. Expectation value of energy is 

 

 

 4. The only possible values observed for the measurement of the observables are the 

eigen values which satisfies the equation 

 

 

5. The equation of motion of the system is given by  

 

 is the Hamiltonian of the system. 

The time evolution of the wavefunction is given by the time dependent schrodinger wave 
equation. 

 



Derivation  

  It is the mathematical equation to describe the dual nature of matter waves. 

: 

Schrodinger described the wave nature of a particle in a mathematical form by 

connecting de-Broglie wavelength with classical wave equation of a moving particle. 

The classical wave equation is  

 

 

 is wave displacement  or wave function 

 

 

 

 

 

 
 

is the amplitude of the wave at the point (x,y,z).  It is a function of position.  That is 
 

 
 

    ;     
 

 

Put (4) in (2) 

 

 



 

Put (6) in (5)  

 

 

de-Broglie wavelength  
 

 

Let E be the total energy of the particle and V is the potential energy and kinetic energy = 

 

 

 

 

 

    Put (9) in (8) 

 

 

 

 

 

Eqn.(10) is known as Schrodinger Time Independent equation. 

For 1-D the above eqn becomes, 

 

 

For a free particle V=0,      

 

 



: 

The classical wave equation is  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   ;     

  

 

 



 

 

 

 

 

Now time independent wave eqn is  

 

Substitute for  

 

 

 

 

                                                                                                             

                                                                                                                      

 

 

 

Where  

 

 

 

The eqn (4) & (5)  is known as . 

 

 

 

 

 



Physical meaning and conditions on the wave function (  ) 

 

 Wave function is a variable quantity that is associated with a moving particle at 

any position (x,y,z) and at any time (t) 

 Wavefunction is the probability of finding the particle at any position and at any 

time. 

 It relates the particle and wave statistically 

 

 

 

 It gives information about particle behaviour. 

 It is a complex quantity and cannot be measured. 

  

 

 represents the probability density. i.e., probability of finding the particle per 

unit volume.   

 

 For a given volume d , the probability of finding the particle is, 

 

 

 

If P=0, there is no chance of finding the particle within the given limits. 

 

If P=1, there is 100% chance of finding the particle 

 

If P=0.5, there is 50% chance of finding the particle. 

 

 



Expectation Values 

The absolute square of the wavefunction is a measure of the probability of finding 

a particle at a particular point in space.  When a large number of measurements are 

made on some dynamical quantity, we get different values during each 

observation.  The average value or expected value of any dynamical variale A is 

given as, 

 

 

 is operator and is complex conjugate of . 

The above formula holds only if the wavefunction is normalised.  If the 

wavefunction is not normalised, then the following formula is used. 

 

Thus the expectation value is the mathematical expectation for the result of a 

single measurement or it is the average of the large number of measurements on 

independent systems.   

The expectation value of position is  

  

 

This is equivalent to th following three expressions. 

 

 

 

 

, ,  are the expectation values of the coordinates x,y and z of the particle 

respectively.   



The expectation value of potential energy V is 

 

 

 is the volume instead of dV to avoid confusion with P.E. 

The expectation value of energy is  

 

 

 

  
The expectation value of momentum is 

 

 

          The three components of momentum is  

 

 

 

 
   are the expectation values of the components of the momentum 
along  x, y and z axes.  
 
 
 
 
 
 
 
 
 
 
 



 

       

 

The theorem can be proved for one dimensional motion of a particle by showing 

that, 

 

Proof 

Let x be the position coordinate of a particle of  mass m, at time t. 

The expectation value of x is given by 

 

 

 

   

 

(1-D) wave equation, 

 

 

 

Complex conjugate is, 

 

Substitute equation 3 and 4 in equation 2. 

 



 

 

 

 

 

 

 

 

 

Integration by parts, 

 

 

 

 

At x ,  and     .  Therefore first term becomes 0. 

 

 

 

 

 



 

 

 

 

Therefore,  

 

 

Complex conjugate is, 

 

Substitute equations 6 and 7 in equation 5.  Then we get, 

 

 

 

 

 

 

 

Thus, 

 

theorem is proved. 



Operator Formalism 

           is a rule that transforms a given function into another 

represents differentiation with respect 

to x.  when it operates, 

 

 

An operator  when operates on a function f(x) then, 

 

 

 

 

In quantum mechanics all physical observables (position, momentum, energy, etc.) 

observable associated with the operator 

Eigen value equation.  The symbol ^   (hat) is used to distinguish the operator from 

physical quantities.  Example, momentum operator for x-component is 

 

 

The Eigen value of momentum operator, 

 

 

The total energy operator is denoted by called as Hamiltonian operator. 

 

 

The Eigen value equation of Hamiltonian operator is   



 

Hermitian Operators 

      An operator is said to be Hermitian if it satisfies   A is an operator.  

(Simply saying self- adjoint). 

In quantum mechanics all observables are represented by Hermitian operators.  

Condition for Hermitian for an Eigen value equation      is 

  d  =   d  

For two different Eigen functions,  the condition is. 

  d  =   d  

Properties of Hermitian Operators 

1. Hermitian operators have only real eigen values. 

2. Hermitian operators eigen functions are orthogonal if they have different eigen 

values. 

3. The sum of two Hermitian operators is Hermitian. 

4. The product of Hermitian operators is Hermitian if and only if they commute. 

If  and are commuting operators then,  .  

Show that Eigen values of Hermitian Operators are real. 

  

 

 

Condition for Hermitian, 

  d  =   d  

Now,                                   d  =   d  

  d  =    d  

 

 

 

 



Show that Eigen functions of Hermitian Operators are orthogonal if they have 
different Eigen values. 

  
  

Complex conjugate is, 
  
  

 
Condition for Hermitian, 

  d  =   d  

Now, 
  d  =  d  

 

  d  =  d  

 

  d =0 

 

  d =0, indicating are orthogonal 

functions. 

H  
 

 In 1927 Werner Heisenberg stated that it is impossible to know precisely where an 
electron is and what path it follows  a statement called the Heisenberg 
uncertainty principle.   

 That is if momentum of a particle is precisely known the location of the same 
particle is completely unknown. 

 Heisenberg uncertainty principle states that,    measure both 
 

 
 

(OR) 
 

 Uncertainty principle also applies to simultaneous   measurements of energy and 
time  

 
 

 

Eigen value equations 

 

 



 
UNIT  II    EXACTLY SOLVABLE SYSTEMS 

 
LINEAR HARMONIC OSCILLATOR- SOLVING THE ONE DIMENSIONAL 
SCHRODINGER EQUATION. 
 

 



 

 



(2.9)



 

 



 

 

 



 



 

 

 



 



 

 



 

      Rectangular potential barrier 

 



 

 



 

 



 



 



 

 

 

 



Rigid Rotator 

 

 

 

 



 

 



 

 

 



 

 



 

 

The Hydrogen atom 
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