SEMESTER 10 Inst Hour : 6

CORE COURSE : VI Credit :5
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LINEAR ALGEBRA

UNIT-I

Introduction — Vector Spaces — Subspaces — Linear Combinations and Systems of Linear
Equations — Linear Dependence — Linear Independence — Basis and Dimension — Maximal
* Linearly Independent Subspaces.

Chapter 1: Sections 1.1 to 1.7

UNIT-1X ‘

Linear Transformations — Null Spaces and Ranges — The Matrix Representation of a Linear
Transformation — Composition of Linear Transformation and Matrix Multiplication -
[nvertibility and Isomorphism — The change of Coordinate Matrix — Dual Spaces —
Homogeneous Linear Differential Equations with Constant Coefficients.

Chapter 2: Sections 2.1 to 2.7

UNIT- 11 :
Elementary Matrix Operations and Elementary Matrices — The Rank of Matrix and Matrix
[nverses — System of Linear Equations — Theoretical and Computational Aspects. Determinants
of Order 2 and Order n — Properties of Determinants.

Chapter 3: Sections 3.1 to 3.4 and Chapter 4: Sections 4.1 to 4.3

UNIT -1V " I R
Eigen Values and Eigen Vectors — Diagonalizability ~ Matrix Limits and Markov Chains —
[nvariant Subspaces and The Cayley Hamilton Theorem. g

Chapter 5: Sections 5.1 to 5.4

UNIT-V

Inner Product and Norms — The Gram Schmidt Orthogonalization Process and Orthogonal
Complements — The Adjoint of a Linear Operator — Normal and Self — Adjoint Operators —
Unitary and Orthogonal Operators and their Matrices

Chapter 6: Sections 6.1 to 6.5
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: Question Pattern
Section A : 10 x 2 =20 Marks, 2 Questions from each Unit.
~“Section B: 5x5=25Marks, EITHER OR (aor b) Pattern, One question from each Unit.

Section C: 3 x10=30 Marks, 3 out of 5, One Question from each Unit. @, (SFY S
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¥ Vecjco'r Space :

A vecton Space V. oven a fiefol E Conalsis of a %t on which
two opeations (calld additfon and Sealar mulifphbaifon,megﬁa:&‘wfﬁ)
e defined S Hal fw\ oach pain ofelgmm},g <Y iV Huse B a
Wique  element: xH in v, and fon each olomont a fn F and cack

eloment % 3n v Hue Ts a ww:rwzo,‘amerbf ax n v, such that
H& j@’[ouﬁi’rﬁ oondlr Lions Aold.

| Fon all w4 in ¥, Ay =yix Ccommiakwo,la of addition).

a. Fon ol LYz In V, (L4YO+Z = x4 cwz) (_asSou.Cd:lve% of adahtlon)

&. Thow eatsts an element Sn v olenc)i:wL 53 0 Such that
2t0 = Jon each = i v,

4. Fon oach element o NV e eodl8Es an p,|zmeyu‘, y in VvV ,
Such that 9L+a-=o

5. Fon each clement o th vV, 1L =%.

b. Fom oacht pain of elements @b in F and each element i V.
(abdx =albx)

4. Fon each element a in F and each PafJx Gj elements %Y in v,

a(at+yd= ax +ay.

8. Fon gach Pour ot elementt a,b in £ and each eloment x in
Vi, CatbdX =au +bz .

ﬂ’le clements x4y and ax an called the Sum of « cmala and #ha
Pmoolue}: of a and «, mQ/SFeotnvalﬁ

2. c‘SuJos ace

‘ A subsel w Df a  veckon dpac V over o 1fieu £ 138 Ca”ea( 73
&m @f vV i W s a vekon Apace oven F with tho eporations
Of addition anrd Seafan multipléand ion olefrugd on v,
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}In a.n¥ vedton Apace v, v and $o%f ane Subspaces. The ladten 72
i Callod e Zexo Subspace 0f~ V.

Thus o Subset W 6} a veckom Space V is a Subspac of v
¥ and oula i1 e %o[/ow?ﬁ four properiies Lold.. |
g ew whkenever xeW and aew.(w s clased unden additon) .
s closed urden Scalon '"“J*,'ﬁl,',;,"j

|
f
i

9. cxe W whkouver cef and xew- (W
3. W hae a zewo vedodo.
A. Eoch veckost in W has an addrtive invense n W-

3. Theosrem

etk Vv be a vecton Spac and w be a gubset 0f V. Then W |
i8 a subspace o} v if and on|a i the faﬂouﬁ'a thase  Conditions f
hold for He opaatens AQ}:‘HQA n v. ’ |

@ o0 ew

(b) x4y ew whenever o e and yew:

© caxew whomever ceF and Zew-

 T{ W s a Suepac ©f v, dhen W T a vedon spaca with the
oprakions o} addirn and scalax multiplication defived on V. |
Henea conditions 8 and > dold, and tase exists a vecho o'ew |
gguch that & 410'-a foo cach Aew. Bul alto a40-%, and thus |
gQ':P_ Aat cancellatfon Jaw of veddon addition . S codton ta> holds. |
Q_OWME;' 9 conditions t), ), and e hold . the cliscussion Pvecwl"'gf
this theomemn shows Hhal W ic a Subsme of v i{ e addiHve
g;’nm,se of cach vectom in W Liss in w.
| But i xew, Hon -0z e w bﬁ condition ¢y, and -% =D
Henee w fa a Subspac Oj’ V.




-_Tﬁeoaem !

And fn{mkse_ciu'on o4 gubér,aca 03{ o veclos gpace V e &
Subgpace of v,
Prood

leb ¢ be a cdlection o Subspaces o v, and Jet W dlenote
| teo ntergectBon of He 3ub)_t,'pacz,% in C. e 2very 8ul>&f>aaz Contaling
Ho zZeno Veckon , peu .

let aeF and iyew. q&m(Lanol‘jchntaLMJ n each
Subtpace In C. Borause cach Subspace i C g Closed  under
addition and scalas mu,lb";ol,iaafa‘@n , 1t ‘fo[fawzs that Aty and az
are  eontained n each Subspac in ¢. Hence 9(-’fd» and an are

also containad In W, g, thal W s o Subspoc of V.

| Livear  Combinadion -

let V be a vecton Space owd & & honempta Subsot Of V.
A vecton veVv ig called a ltuear Combination of Vvectons of S
'lf thore exis  a i?mzto, number 8 veckons wiua,. .. dn i
M 8 and Scalow ayg,....,an in F. a liuear combination 070
Woua, . ...un guch thal v. au, +Rlgt - -- tanup. Ih this aue

we alss S that v 1, o divwear combination of wquz,---tun and

‘;Ga'” Ay,as, . .., an tha aaafft'cjzfA Df [fMaﬁt Cornbihaﬂon.
§
x

| Bbseave +hat cm_a veckon Apace V., oV =0 for each vev .
Q'Tﬁux the zeno veckon A W combination of anﬁ n'm’gmf%t
J Subset of v,




b-|Span : '
let S bo a howem{ﬂa gubgej; o} a veckoa Space V. “the Span Of L,
CQQno\:tzol Span e), '8 +ho Sek consn“s:tlnd Df aﬂ[ .h‘wwa Cbmjoinaﬂo""& Of

tho veetos Sn Q. Foan Conveyionce , we o(e;frwz 8&n6¢)={°}.

#.| Theonem :

"‘fuz SPCU) Of W élLAJéQi a ofa. veckon SFQCQ'V 'z a éu.L.&FQCQ

b V. Monaoves ary subtpace of v Hat oontaine & must also
contaln o Span ojg,' ‘ ‘

=3

This sesult 2 Smmediate ff 'g=¢ Lecottze 8?an(¢3=5_°3,
Which is a é;ubgfaaz that fe contaiued * in cLhd éuLSPa—m 6} Vv
Ty &+ ¢, then '8 Containa a vedor z. 8 0z=0 isn
Span (2>, let oy e gpan(e). Then there exishs  veckoos

Wity o 2 5 o U, ¥ v, - - V0. in S and saalass a;,qg,-----am,
'51,59_. s -, bn, cgud\ th‘:d:
A= a1+ Ague4 - - - » +t@AmUm and" 3'—' bivitbavas -« v+ bnvn,
'1+a =0W Yt 0hugy - - fFQlem—\—lo\V\ +bovo & - .. +bn'\rn.

a/hd/ ﬁ'POT Ci)'\ﬂ &(ZOJ.QJ\ e,

z cx = Ceayny + CeaxdUg + - - - - -t Cocam)Wm
|

gm elamla livoan combination ®f +he veetoos Tn & 8o Aty

H

Land  cx ave tn Span (). Thus 3FanCs) 8 a Su,bﬁfaa Of -V.
Now, |et W denote ang subspac’ of v .that onialns £

Ij w e span ), tan w hes Heo f%orrm W = O, + G ot -~ - TCkWk

f;}orr Some vectnsa Wiwaz - - Wk N & and Lme oalars
CitC2, - .\..,Ck .




Snce 3 CW, we _'mwz WWe )« o, W & W, Wcﬁz

W= it cowgd - - ~- tewk g in W. Because w, an aabiy

Veckos tn  span (s, E)O/lowﬁé o w, #t fofbows that Spansd cW.

-“LM@DJJ_;! JefenJent Set :

A Subsel & ofa vectorn Spate v is caled fineam[;}; Jp,'pzna’enf

ij thore eaist a f"W:i@ ‘humbea 0% digkinct veckoss Wallg,« - U
/@, NoOt a,“ Zétol Such that

n 8 and Scalass ai,aq,. . --

Q\U\'\'QSL\.LQ_,{, i e ..~,{,anu_h =0

Tn Hus Case we a),w&:at that the vectoas 03" Sauluu&w\(“y A"‘}*m’!’z"i

anwd# !hC"ZPwM ge}-y Ai.

leb Vv be o vecton Apace over a ield £ A Fuile ek f{
Vockors Vivg, . ... ,va nV 8 Said do be wa;\%, rnolepencfent . 1§

= 1. Fl=0..
Q\V\“Qa}(g_f\ ------ 4 anVn = 0 ==> a = Qa2 an

lo.
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Cand Jet v be a vedoa Tn V ok 5 nok in 8. Then SULwY iz -

§\sm°aka dependgnt i and ,on\a it vespan(s)

’ 9\005 "
i

lot 8 be a J.iu.aculd ,’no[gfoemﬁmt Subtget 01 o veckoa Space V,

T4 3udel s mw\ﬂa‘ dependont, Hean i ons. veckns s, 2n
in 3UY Such +hal Ay 4o Us+ - - + Qpltn =0 \3[0'«':30!\&0_ honz 0

Scoﬁm Oy Qa-.--An . Becaure S 1A L'JAZCUJH Qrdn,ranolen},, oue Dfﬂﬂz
u’\"sp /Saa Wy, 9—-‘1,!1@1’5 \P

Thos VAU - - .+ Qnun = 0, and Lo
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1
2] Theorem :

V- al (—aglg—- - - .- —anup) = -(aia) ug - - - - - = (@ 'an)Un.

Since v 1a a diueor Combination er Wo,. .. on, which e n 8 we have

Ve Span (s . ' ‘ |
Convensely, Job Ve apance), fhen Bune exists veckons ViV - - Vim

tn 8 and &colans bisbe, - - ., bm Such that V= bV, 4+ boVa 4 - oo bmVn

Hence '
[») ~=|:>|\9L+\DQ_\’2+- - - I:mvm + DV .

Since o= for Toy,0,....m, the coefficlnt 0 V Tn thes Jlu_wut
combinadion s ygn.zeao, and 50 thal l:kagei R ViVa, o yVim, 8 1S
livoarly  depondant

Thenofooe SULYY s lLqua aﬂ:ziap,natantT

”

Basis : : . : ‘

A baxic B jpov a Yeckon Lfaca V s a J)JMUJ!%{ ""We"[:
Subsel of v that aewv\alws v. T B is a basis for Vv, we also Sey
;Enoot He wveckosws o% B Fj—owm a baxrie fm V.

i

| let Vv be o veckon Lpaw and P =du e . Uk be a Subsot
%e} V. Then B is o basie fov v i3 and 0“)‘(1 if each VeV can be
iw“arwﬂa eapressed as o Hiveas. combination of Veddoss 195» P
Hod 12, can be eapaosced tn tho Foam

V = @y +Gaug + - - - +Qnlin

5 §D'r wr\'\qru.ﬂ. &a;icuw Ay Qg . n 0 AR,

{ ___@\00_ 5

— Lot B ke a bosix 407 V. T4 vev, thon vegru(pb be caxse

Sfam (By=Vv.
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Ther v s a fwear combinatton of the vectoos of B.
Suppose dhat, :

V= aiiragup« . ... + ann eunol v =E,LL,+LQQQ_+ s smes oo Bl

VL bwo  such  phat nepacsentation. of V. Subtnack fng the Second
Qr},ua}.ion fnm the -f}.m,i g;‘m '

0 - (a—bDu, 4+ (As-bodUg 4 ... .. t (ap-bp)Hup .

S?ﬂCLF 13 ‘M.ch.ﬁ%r fnolefenalent, T+ 50"060/5 &\Q} al--Ll':aa_",Dﬂ_:'"-’-'ah‘bh:D,

Hene @ =b,; ¢ Qo = !)g_, ..... / Qh:‘bn, aﬂJ Ao Vs U-hf?ue% &fﬂé&sﬁéle
% oo liweas combination & e vecors of B
Convaj\)sa{!f ,

VeV, Spanfed-v

(mu}wla azio;\ass'eol a5 a ,Q,mw combfnation pjé veekvos gf ,B
( ¢ = Xy tagle &« . . 4 Anitp

OLuy = — Q240 =—Qa sy . _ _ | _ o

douasly inclependans bset of v.

Hence . B e o st for v

(g

12 Theorem * - -

| TY o veckor 3pac V fs azuuaid L& a &PWJE Set 3, then

F Some subset o§ a is a basis tfo-r v. Henee v has a :ﬁn?&a éggiA.

Ty 8= F ov S=403, thon V-40Y and B ts a Subsxt of <

thoat 12 o basis ffo'r v. pikoawise 3 centarvs @ honzeno vectosv

:’LL‘- S 1s 2 ,QwaﬁJ& °molaf>o,nalqnt got | ’ |
Conthne, 74 Poseible, choo,srna veckods W, ... .t in 8
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Such that Tuwrrug .- e s ).t\.ea,\,l(\f Tno’ifmcimt. Sinee S T8 a

jihT)LQ ek, we must -antmqﬂa acach a Stage at whsch
B={unu2'~~--—,ukj 18 o M&, ,',',J_p‘lpg‘nden}, Cgu,L,gd Of 3, .éf-b‘

Odjoma to any Vecko fn S not In P Pavduces @ Ma}jﬁ
Aafmdant Set , |
We clatm that B is a basts for v Bocause P is Luwjg
Yndo,anchi ,95 ®MW&ron, it Suffiws o chow thelk B Spons V.

We weed to Show dhat S,Q_S.Fa,n(;\;.),‘ | |
Job v e s T vep, ten dmﬂ(% v eSpan (B). othanwise,
it VEp Hen He PMCMOU? congbauckions Show that BULVY

Ts W dapendont . S0 Ve Span (ED-

Thus 8 L& Span (B> .

Ragfacemu& Theosom

Leb v be a Vectorn 8P that 15 gqousated by a ot @
Qbﬂiiﬁni"a Qxa&[& h veckons, ond let L be a )-mzamia 's”dﬁm“"[?""-

Subset of v contalzn?ra axaot% M veckosws. Then m<h and

Hhore ealtrs o gubset W 0% G aonkwmwg zmzcﬂa h-m veclonk
jiguc}\"tkcd: LuH 82»(1&0&& I
EZ\QQ&.:

i Prcef 1s ‘35 matkematical induction on m. Tho thduckon

bza?wa with m=0; fovr n this tase 1 = ¢ ) Q_nol ) hl«kfﬂ(?
H=0Cr gives to desined nesult.
Now Suppase that the thossum s taue “Jeofr Somo ?niﬁﬁoﬁu

m=zo.
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' We Pove Hat the thoonom P& e gw M1, Lok L= R0V Vo
be o [fu—a’da inole pendent Subsob of v eomumg of mil Veckors.

vy b Vsl indaperdont, and o we ey apply
M~ .‘t’nolucifon hdrothuf,g to CO")OIL(G‘Q k‘\ai m<n OJIC‘J. t&ﬂl‘ L[kﬂAﬂ.

18 a  Subsel fuwirug, . .

/un—m?j @f Gr cgu,c,h *:L_G.L ’{V”U,__,....\,ma

© Unm 3»04,&\4,&; v, T Huse eadet Scalass
'QM,Ahba_,~. "léh-—m SLtC/LL M

OV +agv, 4 .

Note 4hat

{
{ \9H \’2, -

Tt AV 4 byt 5;&94----**bh-muh—m=‘9mﬂ "'_‘(D

h-m =&, leay ‘\9m.n be o JJ:"LLM Com,bfnad:ion D-‘f

T Vmo Gendaadicls  Ha osswmplion Hhal | s {;M{?
éﬂmdﬁfu)dent.

{

Hence nsm 3 thak 4, Nz mat. Moneover, ame b, Say by, ie
hen zeao | for othonwrice we obtafv the Same eontradiction .

50\\“9”6 b j’m, Wy 8?WA

W, = (—'Lf’ldqj Vi + C*bl—‘Q13V1 4 .. .+ c._ Llﬁ‘am')mef Ebr\Dvm‘

+ (—la:"1>9_>u2+ ~~~~~ + C*Lf‘fq..._m')un.-m .
Lot 4, s Wnemd o Then W@ Span CLun) |, and  because
% \}l[\’2,~ -~ Vm, u\zgs...,(_Ln,.m aae Q‘Qalla Tn chan CLUH);
it polbows  thek
: 08_\?”\79_, ...... \?m) Wy, U,

s 2 span (LUHD.

BQCQMQ '{Vu‘%, . --~\9rn, U.,,U.z.._ "’/uﬂ»m\(ﬁ V.

| Span (LuKY = V. Sinca H fe @ Subsel of G that conteiis
(h-md—1= n-m+N Yeddons, Hi tHheoorem ouee 'jfofr Mt 1.
* This completes tHio induckion .
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| Eotle -dtmeronal. :

A vettor Spate i called dinite-climensional {4 it has o
basis Consisking  of a diwh number of Veckars. The unique
ks o pecdos n” ek bt dov v i alled He dimenson
64 vV and s denoted by cim (v) . |

Maxtmal Liua;\l‘ 'MJe!benalenf Subset :

B is B 7£8a[f.

leb 8 be a Subsgt 6f a veckoa Qpace ¥. A masimal
““—Qﬂ'«\l{‘f ?r)c[ezbenaleﬁb su):szibfs B a 8@8@& B of S 80.33’%‘"8
both of the 7'41“55 conditiows
@) B 4 Liweasly Sndepenlont
G The onl(y [;‘u,zazlaw ?ndzfenalub subsol of ¢ that Conbaing %


































