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(2.0 | t“-ﬁle’*ghnﬂ apaces
To polom "
A topology on & cot X 15 @ collection

,(\ J of Subsets of X haning the -_]nllm,unﬁ properties

(f)@ and X ave In ‘f
Gy The union  of the olements  of any
; ! (

cbolieden o 1 % 10 .

G The unfon intersection of - elements of
any finite Subcolleckion  of % in 4.
Topologled  Space 1)
A set Xk for which a tpology T hes
Eanpie. peen Spouified S called &

X 2 fla;b.c% Lopological Spacc

/_j = ‘}_(15,)(, LLQ?JJ /].byi 4(2'5?1?1
j = ‘Ldf’: X, ‘Lbjj, ILC}, /La:’:ﬂjy

e X be a ¢t and 4 be the Colletion
| of al  Subsets of x (ie 7% a power set

!9} x) . Thon A T called  the  discrete
topology .

Brample’ | X = haib}
! 504, ha 443

power sek = 2"

ﬂzz I ele wion

Example . 9
i X= b aib (Y ek

j - hb, X, ﬁaB; ﬁ,é?j,LLC?j .‘zﬂrby,ia,c?y
4 b CY Vf




‘IJJ'&Bas‘fs Jor_a  topoogy:

Lot ¥ be aq Gceb @ basis (R

for a topology en X sa a Colletion of-

o ubset”  of (x) callod  basis  element iy

9

§) e .
/ cach x € X, there 1S atleggt
Be ® Suth that xé€RB

¢ For
one basix eloment

N :_r:f x € B/ NBRa :fOY" Some B, ,BQE @

Hien thew 1s Bs € @ uch that x€ B

anA X E B_g ..C— g: n 89.'
Example’  Arithmetric progpession Basit
let x be the s of Ppositive

integers and  considev  the colletion B of

all arithmetric ngmsfr’on of Posfh’ve T”bgzrg

-

then B ¢ a Basis. N

g| o me X then @ = hm+tn-1) PY

contains M-

Next conkider  two  avith metric

‘ngaess?on R = hait cna)P,j
By = h Qg+ (n-1) Pg_?,

!C‘Onfﬁﬂ?ﬂg an finteger m. Then Bz=4M +n-0py

M- XM

n = '}’_,[‘-'I_i;
P 11 |

Thus  the Job P LCM 4P, R

B = @2,4,e,s.ro,;g,rq,wrle,zo;
. . am”

.

Bo= Ak 12,16, 0%



R, NBy - "{ g, €, 12,106,201}
Bg - 4y, 612,16, 20}
Jhat 1S £€ By C BB,

frample
The topology 4 ¢, haly,qhbY. faiby Y
on the seb ha by hat the f()“f’uffr?g

bas s
- A &, had, 4bYfaibhl
9. Afay, 4bYy, harbyy
2 44 hay LbY)
S 4 4al, AbYY
Example

gt X = hdibic, d, €} and let
j: J?_¢f [[a!'oy: ll,cfdy“ l[a;b;CJO[:’j /X?j J-'JQ Qa

topology ~ defined o X

@- 4 4ay, hedYy, XY s a subeollegty
of 4 Whith meekS  the requivemgnt Hfor a
Ibasi@ bocage eath mumber 0f 4 ¢ a unfon

of members of B

Toplody 5 aenovabd by B

Tf @i a bmi ten the boplogy T
!%wﬂ,u'a,tﬁo( bld B :I'D“OWS
| A et U of X ¥ gdd b obe
open % X Cie o be an dement &f 1)



I3 gor each  x€ (), thae U0 a Basis elomant
BE B Suth that xeB 4 peU

Frample:

(onsider  +the cob = lla;bzf,d}and the
sek ®- L haYy, he dY, ﬁa:b:f% determing Whet,
thee ewst a tbpo{o% 7 on Sahthat ® i ,
base AFor 7.

- Al possible  unionc of elements o g
a%?ugﬂ beloy

{ U ,. @’c@j: i({),éﬂ%ﬁ(gd}, éQ(b/C_%f
B¢®B
ﬁQrCrdy, X?j

TF Tuw a topology generabd B then
J:= %6, 4ay, 4 dy, raub.c) 10.¢dY, x}

NoTe

| Each  hasip  elnuent € Uselly an eloment
o3

‘Elamrw’.

i let ® be a tollection of all Aruwdar eGicr

E[:n{zriors of crudes) tn the plang- Then
} @ sablefies  hoth w_nd.fh‘{)nlﬂ Jor @ basit . The
- Sewnd  condition i‘IQ il[uﬁaﬁ:d n figure. In

the tpology geembd by @, a subset Uof B«
| plong s open H eery o in U lies in Come

|

| Q?PMG\Y Y%Oﬁ Contatred Eh O



\

Hrample’
let ®' be the
tricvs  of reahgles] n the plang, wheve

collewkion of ath vedangular

TQLR{OM L}h
the  redangles have pavalle! to the ordirat
axes: Then B Sakisfies bobh  conditions for a

Hhe condabong s trivial,
ons of any o as ik olomer
ty) The badd
Hiz pane a2

bases N this case

Laouse the nterset
iked]y a Lass  element (or emp

[
came topolegy  on

-

Lemma 13
ot x & a set, leb B e basis or 4 topleg

5 on X. Then T equals the tollection o all uniory
of elements of @.
Proof

Given a

a0 elements

!WVEOﬂ @@ n T. Con
U an cment By of @ suth chat

Ceach LE
o e 0. Tlen U= Ux EUBz - So, U equals & VAG

colletipn of olements 0 B. they are
of T pecause Ju @ to pology thelr
versely , Given veT  chowse for



of elements of @
Fxample .
™ X » any Seb, the couettion of ol

ong-point Cubsets of Xx ¥ @ Lasis for the disag,

topology  on X

To Chock the oldeetion J egzxmm«@d 614 the
bur @ it a topolegy én ¥,

HTF LIS the empty sob, it salisfrés te
defaning condition  ef openness v ously.

(h Lewne X w in F . Sine Jor eath X EX
thoe n Some basis elemente  Bs cuth that x &g
and BC X.

iy Now, take an ‘indexet pamily {Ua} e
of clemente of 3 4 show that U= U, G ET

(niven LEU , thoe % an Index o Such thakt
v e Uy ,SInte Ua s open thre ua basis elemony
B Suth that z € BcUs:

Tun LEB & BcU & thalt U 75“01%”5501%;,
Now take 'twe clements 0 &Ug S’U-U’l‘tha.k
L UrnUz € 498 in 4
(fven X € Unig
Cthoose @G bars  element By Suth  that X €8,
5 Bl Simil arly o EBy and By C U,

The seaond ondibon  for o basis ,choosed

oty elehunt By Such bhat X €83 8B €BNG
Gee figwe) - Then xEBs ¥ By € Uinvy SO Uinlz
Lolenas o A by dedwinon



Finally — Show that by ‘nduction any finite
mtesedion U NUan. . Un Of  elements of 4 9 in

fjl
This s frhria{hj for n=1,

Suppose  that {s true  for n-l and pove it for g,
Noew (UinUgn- - - Up) = (UiNVan- - Uny) NUR

By hgpothaﬁg UiNlg N . Uny belongs to o !’H

He reut Juwt  proved, the intersoution of

Uun .- NUpy and Un  abo belogs to . Thyy

the (olleion of opensels  genoratid by a  pbagia

8 s a topol0gy.

Note .
Fasy to  remember

—eees

Bcn out I OT
Blep owt T

Topological  Spae is a  truck load Sull
grovel pebbleS as  the baris elements of 012 topology,
after the pebble’c dre Smashed o dust. The ust

paticles are  the basis  elemgnts of the new bopofogy

The new  twpology ¥ Hnor Hign  He odd one and
each dust particle  was  contpigd incide a pebbls .



| emima 133
let ®L ®' be s €5 Hfov the fDFOLO%

-4 and ' ieapau?vd{f an X o
quuivai‘*’w

Then the j'o”omnﬂ

ave voquivement

' 1g finey than 4

(0
g oach basis  eleent

(i) For eath X € ¥
ge ® contlning X, thert s o basid el

ge® Suth that X ¢ B'cB

f
.\1
j  Pwof

.
x_

1=
Giiven an element U of 7.
T thow that UE€ o

@ generates 9. Thae & gy

let x €0 Since

oloment B € & Suh that
9 rells thee exists an element B! € ®' Sug,

that x € B € B . Then xR cU -So UE -:rfbj
depinition - Hene 3" 1S finer that J.

| 12
CGiven reXx 4 BE® with xéB

} New 8eT by depnition & 7 e’ by
i: condi ton (1)
. Beq

¢hee 9" 1¢ qenevatsd by @ theve T an e
Cgle @ Swh that x e BB [ B the property

x€ BBy & x €83 , B €Rip, ]



S

A L emma 13 &
let X be a topological gpace Supppée {har

{a [Here o 18 Not a batid] 1¢ a collewtion Qf
opfzn cobs  of X uth  that for eath epen sek Uof
x &4 eath X in O, theve ¢ an elenont ¢ of

£, suth that x¢ ccU Thon o 1S a basis for
the topology O X

Proof
T Show that o 'S a basis Afirst

condition - Given 1 € X, She x i€ Trselfy an
open Sek - There 1S PY h:jpothesa an  element
cof*ﬁasuh that 2 e 4, ¢ X
Sownd  Conddtion

let xe Ny, Where G §C, are elements
oj £, Shnu C, &§¢G aw open S0 (i Ncg ¢ also
open - Thevefore  theve oxiste by hgpotw,sfx an
- element (3 of o Such that 2¢ (3¢ Gng
A4 1St basis of the topology of x

7- 7 it

let J be the C(ollekion of open seksof
X. To Show that the topology 7' generatad A,
oquals the topology 4. Arst 1 U L;e,{pngj t
<1 ard f 2'€ U, then thee K by Mypothysic
an lewgnt ¢ of e such that x ¢ Loc O
| Tt follows that U belongs to the topology
Ei 7 by definition [+ %' € v]
| (onversely 1w belongx 1 the topology '
IWH W equali a4 union of eluments of Lo



(et X be a sek lob @B b 4
S x. Then J oquals
of olements @

e lemma
basis  for @ tepelog 3 on
the Colleckion of all  wnion
gine eacth eloment of £, belongt to 4 a4
e o fopology - W alto belonge w 7

S The  topology T .ﬂﬂwm‘f’ 7 _{”
oquat  the  topology 4 |
Example:

One can now see that the collection ®

of all Civeuwlar rogions in the plane gengrates
collackion @' of all

flustrates the proof.

the Samd topology @5 the
rectanguay  Yegions: Figure

| Deftniton ;
| T @ s the owlledion of all epen
r L] L]
| inteevals  Tn the real (ine ,(ab) = Lx/ « <X b))
a |
2. the topology genoabrd by ® 75 called the
Stondavel _topology R on the real (ine.

T e i the collecko
! n of ald haly - open
n§® Mtvals o  the form La,b) = ix laz x2b 7. \Where
a<k  the topology gengrass d by @' i3 Calleo
the - lower Umit fpology am R
lowor Uit tpolog, |

)




L“fna,wj let  k denotes the ceb of all wembers
of the form —i;; » Jor N€ 24 [ 7, 4ve intigers]
and et @®" be the Colletton of all open
Intivvals  (acb) . along with all gels of the
form [ca.h)-A
o) The topology gﬁnﬁmtad by B" will ke
@ colded  the - topology Re on R.
Al three of Huce (ollettions ave basis.

\// Lemma - 13-t
The  topologies of Ry & R, are Sirictly ftner

than the standard ‘topology ey @ but are hot
tomparable  with  dne  Another.
Proos
| Let 4. T &T" be the topologies of @,
Ry £ R respew’ve(y‘

Glven a  bat’s  element  (aib) for T and a point

| X € (Qib).

the basts  element [y, ) for A s eed

On the othev hand, given the bk olopunt

Tad) for T' there s open get Interval (a,w)
.ano! * g (aib) but 2 €Cxd) 2 sa,b) c (%4 ]
Thus 3 TS &m‘cﬂj fingr  than T [by Lemma

et B 28 e bwses Jor 7 2 T vespectivelyon

Then  the jfollow?ng equivalent () A",

finer than 4 (i) rep' cn



Frample  ef Standaxd  topotogy !

T xR  then the ctandavd
Seot
[IOP(T‘!D:JEJ "3 tl’lﬁ '{UPOIOg(j UJMSQ open e ay

the wnions  ©f  open  “ntarvals

Dej{niﬁon i
A b baris 8 for a topelody onx

Sl S

s a colletion of (eloments) ef X whose waig,
I\ equakt  x. Tthe  topology %Lnﬂra/tdd by the  Sublyyy
B SIS d%mgd W be the collettion 3 c:f all

unions,  of _)C["\q'!te "lntcvseltb'?n Oj" elements ofg.
S Wotally  ordered . Cob”. A .

:) A get n which  a. wvelation gy

Yl than or equal W 7 holds Jor all
paivs of elements of the St | Also  called
chain | L‘inﬁavllj ordeved ot S‘:mplg ordered ¢of

v Tntervals’
bt b

Suppofe that X g gek hav‘?hg a Simplg
order yelakion <. Given elements g 3 b of x
Such that ach, there are four ubcets of x
:Jdaa,t ave  Called the mbvvals  dotormifned L,B;
A& b
W (ab) hr [asx2b) open Wtervals tn x

S () helasxzbl\haly opon iptpryals
|
CuM LA b)) qx [ agxsbl

WOLa ) ha/azxzl closed venat g,y



These ave  Intevvals  in an arbitvary ordered Set

Noty:
The  tom " open” o this  connoution uggests

that  open intervals in ¥ Showtd turn eut to
be open Sets when we put a topology on x.

Definiton
Ordev__topology:

T

let X be a set with a Simple ordor
olakion . Let B be the collettion of all cets
of the following  Ekypes:

D Al epen Gntevvalf (aib) in.x.

2) Al Intervals of the form  Ta, ) where

b ‘¢ the Smallst  element [if anjJef xz.
3) Al intewvals of the form Cabd) i beis

“The  olletlon B 18 4 basisr Jor a topolegy

[on x ,which i called the order topology

' gu lavgest element (if any)of X.

| Example 3

i The POSIH\/Q "mta?ers Z,:fOr‘m an ordered

!\geb with 2 Smatlut  element. The opder twpdog

on 7,08 the diSuetr topology . for every one

Tf n>i, then  the one point Seb An%
o A basik I_,e@,temgntj apd ¥ n=1 the
seb . 41hs L1,2). 18 a basis ~ elament

pdint_ser 1o open.

(n-1, n+!)
one poinf



Note:
et X be St gnd «c<ch btotal 0’0‘“7@
on X. That 1§ < s a velation with the
Proper tieg
0T ach A becc then acc
2] For no a dogs a za
T o ten s not the o
that pb«c | o
An  erample f an Grdered <zot (N,2)
Wkh  the  Standard  ordering  ov (R, ) wiy,
Cthe  Somu ordaxing.
/Definition | Rays
’ 1f X 9 an  ordeved et and a
an clement  of X, thue ave four Subsets of x
T,ha,t ore  called the vays debymine d by a
| W a ) = A [ % >gl
| W -, a) = ztx/x,mg

Wo La,ew?) = ‘pt{xza%

(W) (mev,a]) = ‘11/756@

Sets of the  JUSE bwo types ave called
ULOP% vows | and Sers  of e thr Last two

i“v typer are catled closed Yays

'@W produck ﬁpofog:fi on x and ¥
@"\;ﬁ Ithﬂ Produet  topology WC

‘ mw\%wm‘r
N

let x and vy be topolegical  spact:
The podutk  topolegy  gn X xY P the



.frlf)[(rri.l! having s (he Basia  {he collection @ of
R1L ".H';I of  Lhe .rnrm Ux v, whow U 19 wn OI.JG,",?
ubsel  Of x | and Vs oan  open Subeot of Y

o Check  Ehat B a baris |

The .['MI' conddtion 15 triviad sTnc xxy

18 1 .s‘u/{,{) a  barsr  element.

.\W(J)f'ld (‘()nr}:l“f)n ' ’
nee  the ntersection of any two b anin

plomert s Ur XV, and Uy xV, 15 Anothar basis

eloments.

Fer (U nW) X Cvinwve) and th

(UI X Vl) n (Vg X\fg‘) #

:laﬁQV et s a bass element. Re cause

U NUg & V1 NV ave open n X and \[ resped el

Example *

/\v

@ & hot & topelogy on XxJ.
e union of the tWO vectangles  picturd 0
frg. f '« not & produck of two Setf <

IXV') U (UgXVg) + (Vi UUa) x (U, U Vo). S0 i Cannot

by B bk % 18 epen N XxY.

The Colletkion

(U
belongs



P~ "]hcovam_'.lg-._ |

v ‘B (| 9c a basis Jor the topoledy of X
ad o %o a basis Jor the oplogd &f
then the (ollection D- hexc/Bé B E CEA4
oA bats Jor the  topology of X x Y.

Prooj '.

A

(ven  an open Sk W of X x v and a
point X xY € W

By dapinition of the produet Eplogy
tre (5 basih  element  uxv Suth thak Xxye

UXVep
pocase B & C- ove of bases for X andV
r@SP(uﬂvde
We can Choge an olement B Of R Suth that
ye - ¢ V-

Then 2xYe px Gocw whre RxC€eD
| T the collewtion D tll-LQ iteriab of (Lmma
[m— X be Q& bOPOlD%fcaﬁ spad - Suppose that for eath
1“’\)( and open et V of A, thue on element
C;Df— fs tuth that € c CU Then Lo I8 a basls
rjﬁor te topology of XxJ

So. Dipr a basv JP’OY X x Y,

ﬂExame

i; The product  of Standard  topology on K
with itetly s called the ctandard topolegy o
kx@ =R% Tt har as basia  the colletion of all

produdts of  cpensets of- g,



Bt the therem T4 8 tsa basls for the

topolgy of X and €o T¢ a basis for the topoleg.
of ¥ then the (ollewon D-Agxc[ge R yndc e
o basis Jor the topology of XaY'tells us the

b muth Smalled tolewtion of all produLeks

(Mb)x(cxd] of open ntervals in g will also

rve 08 A basix for the topelegy of R* Each
pituved ~ab the interier of a

the Standard topolegy on ¢

quch ek can be

reuktingle N R Thut

:[ Defniton.
Pjekion of XY,
| Lot T, 0 x xf 7 X deftned BY

| T (YY) =%,

ek T, wxY 5y be depined by TMa(xd=Yy

T wmape T and To ore called the projedion of

Wx\ onto t fit and sewond  fauror respedtively

T U % oan open dukset Of X, then the Sef
%'l'!f‘{UD s opeOsely tu st U xY whith i open in

Xy |



“ i“fhww,m;;&eg

-

|

-

Sf’milavlg RTSRVAL TS opeh n Y, then Ty (V) X ey
which s also epen §n XxY.The Tnterseeton
of these two sebs 95 the seb UxVas indicated

in firjtu'a-

"

The colletion & = {ﬂfw) | U open in x] U'
715w |V open Tn 3
S a Subbasis for the product {jgpofpgg on Xay.
proof
Lot S denotr the product t‘OPO[OQg on X xV let

1 be the topolegy generatrd by § Because

every element of & belongs o . ¢y Ao arbitmy
wuons of finite  IntrSechons  of  elomgnts of § Thi
J'¢ 3 Tt the colledion (is a  subbasis for
podutt  topology  on Xy,

(n the other hand, ey Lasis gloment UXY

or the PSS J u a fint  inwrsection O

doments o - Se Ot o7t o



1___6__1'_W Subgpa (e Topelogy l
DGj—Tn'lﬁOn'.

let X be a topological spawe with topaey
T4 Vi a subset of X, the (olledton Ty= {ynofue
)Nr\ fs a topology on V, catded the Subspate 1o polegy
%)wo&h this topolegy, i called & subspace of x
ks epen  seks  (omsists of all  intovsedhons of
open - Sets of X with Y.
Fample.

gt haturad Numbers
__W PDSthQ in@%&r‘f h?,% . .!@tC and somg h'mﬂ,a

zep as well.

R repeyent the veal nuumbers with topdog:
The ublpate topology ef the naliral numbess, e
Lo Subgpald of R 1S the diructe wpology.

mema 6
\/Lf €& a b for the topolegy of X, then the

tllekion By = heny | Be @) ic a buu for the
ubspate  topology on Y.
Proof.

Given U gpen
Can olement B of 8 cuth thak Ye BCU- Then

v X and given y¢E un'Y. Choose

CYe gny C Ny



Tt Jollows  from Lewma  *let y be a topologica

K‘['_Jffi(f _(l-l.'}[JOﬂ(_‘ that ’C(! 1§ the [ﬂ)“wl"oﬂ bf O[-)Qfl

- fets !JI X Suth that j(O]r eath X X and Cath

et Uof ¥, the 15 an element E of T Sudh

that  x ¢ ¥ ¢ U Ten G & & basts Hor the
boplogy of &, that By is & k& 700
Subspate  topology on V.

 Lemma &2
Let YV be a Clubspate Of X- Tf UK 6Pon jny

and \ 18 open In ¥, then U 1S O n X.

- Proof .

Gne UTs open tnY, U= vV for Some Set

\J open in X.
0 ynv s open n x
© U w openinX.
Fxample -
i (onsider  the bt  N-To/idof the real ling
|R in the Subspald topology . The Subspa @
é’wr)ol!?@&i has s basis gl Sebs of the form

Ctam)ny, where  (ab) 1 an open jntrvalinR

gt 4 Seb is one Of the following types
() Y aand bare iy
Cob) f only b inV

(atJ T only i (nY.

y or ¢ if ndither @ nor b
- v

(ﬂ{b)n\/ 3




|

l

‘ Ry defanition, each of e Set I opehin Y
|

| ol

[IQ) (dlh)ﬂ\/ I.K (j,){.!“ F‘“ V. {_M!_ \/ i’ fr‘[/(’fi n
peal line ¥

r\fili’. K. So, (ab)Ny & open )
SV Thgorem 16 %

H X Coan
[md H L$ an

0 gk X, then the cbspall
\m topolog 4 pon [ Av€ the Same:

01([?‘((’5' (vl n [ |0 (jrr'lﬂr -h)lnlrr/,j

.
H’ILNW{P ov A Yay N e ordov

topology and th ordoy

Proof’
for any open ol R in X

pay open 10 ordev  topology on V.

T adk TN (a2 NY= (-oofbm\/)ﬂ((‘*f@”“

@Jﬁ X his minimal eloment QAo then Ca, Ny

T Ny

LB) Tf X has moimad  element Qo then GuBInY-

'hu/s every  pasis  element o the Cupspate toplogg
;s open i ordev topolody on ¥
To prove tak the basy  cloment for  the o

bopology 1S open i the Subspate topology

The baris  elements for the ovdor topdogy on
of the form-

Bi= hrey /ﬁé.llb}
By = ‘1_7-5\’/55{-‘.7‘-4’9}

By = LL’IE\[/QA)({E}:%



|
CWheve e ave wimmal apd maximai ele Mongs,

of (et
() ("{&'.‘tlt‘|{J B, = (Ghb)nY
]3 QDo < & Hlun By = (Ao b) hV

() .
I3 bosbo tep By- (aib)NY

DY besb dan Bz= (QibdnY

Then By B,,85 bLelongs to the bati F0r th
Subspate  topology .
| lone  the  Subspale mPologg and the orde,

topology  on  y are the Same:

\Wr@m 6>
I A koA e o X and B4 SR

&)
w

© bV, then the pwdwtt  topdedq on AXB 1< the
Same ak the topolegy  AXR Ynherits (recidves) ag
a Subspar O  xxY

;i Proof-.

T et UxV s e goreral basib element
Jor  x®Y, where Ui open in X and Vic openin

| Threfore (uxv) n (AxB) & the %momﬁ bass

Coonent Jor  tht Subspat?  topology  on AXB.
O Now  (uxvIn (AXB) = (UnA)x (Vng)

i_ dne  UnA and vNB are the generel open S
;;jﬁor the  gubspal@ topologies on A and B,
‘T%P?C/W@L'd e Set (unA) x(vng) To the

| %;gmml pasp  element for the  product



topology o pAxe (1 ¢) the bas¢s Hhe  cupspace
and or the predutk  topelegy on AxB

| topology 0N AXP
o< ave the Same.

‘e the Same- Hente ti1e ’copolog?

I1# Clowed geks|

— ————

o A cubset A of X tnpofogjcaﬁ spa (e x fe caid

) e
Y & be clesed ¥ the ek [ x-alis open:

Example - |
The Subset Tarb) o R s (losed bocausC iks
complement R-TCab) = (fdo,a)u(bw)?s open.

(a,+00 1S cloced | LOaWIE ‘o Complement

Similavlgj

(-0 a) 1S open

-

No: |
of R i nalther oper hor clo

The Subset La b)

 Bample 2
| Tn the plang R, the Set Cxxy | zz6and

| y>o0] 18 (losed , bocause 2t Complement is the

union 0f WO Soks,

| (-0, D) xR and  Rx(-:0) oath of whith
iiﬁf produtt  Of opeh  seks of g and tHhrefore
| open 10 R
%Emmpwig

Tn tHu discetr topolegy on the geb X, ever

|
19‘* IS opgn,% follows  that every cot 15 closed
|

I‘ o weld-



Thcorem 13!
leb X be a tpegical  spall Tan e 3%][%.%
Conditions hold .
(D ¢ and y are Clesed’
(2) Arb'\lvar'ﬂ ‘mtersecions p)f closed cebs aye
closed.
(9 Finitt wnions of clased sets are closeq.

Proof -
() & and x are clesed
betaus? Y- x and X-X=0
te (ompument ¥ and ¢ are ppon 1) 2
() Given a  Cellethon c}f closod set ¢

h AaYa, ¢ we apply Demergan’s law

X— 1N Aa = U (x- Aa)
af—’_“ .1{.]’
Gne that SetC X-Ac OYC open by defyriitien
g vight Side 0of this  equabion represents an

arb‘ftm‘wt_j wuon of epen setS, and 1 thudh opoy

| \(atiant

N ) pg ts Closed
| L

|

| B Smdarly T A % Clowd or (§-1,9. )
Ctonsider the equatien

"

N
X— U A = ‘ﬂ (X_A‘T)

j=1 !

The ,SC_‘J' on  Hie r'i?ht‘ _t;?d,[[ f:j( Fhe C,CanfJ[ﬂ 5

o finife Sntrsedion of  epoh SLEC gnd i Fm‘jﬂ
CPEN. Henwe A S )pced-



Theorem T2

JN V be «@ (_Hh‘;"’ﬂ(.(’ m{ X, Then @ ot /\_aﬁ;
closed MY Y and enly o equals the “ntovseLf1on
of A Closed  Set of x with Y.

Proof
Assume that A= CnV

where € 1€ ¢ losod tn ¥

L

Then  x—c s open in X S0 (x=ONY I 0PN n Y

(by dopinttion of  Subspace topology).
} bt (x-d)ny= Y-A
- Henl \I-A?S open n Y

S, AlS closed n Y

Accume  that A TS Losed in Y. Then

| (onvemalg :
equals the i ntarseston

y-p i¢ open Tn Y. S0, Y-A
?0'5‘ an ©pen stk U of X
(o (unJ e Uis open M X

T &b X=U o« closed Tn Xand A=Vf) (X-0)
the  intusection of @ Closed

with VY [bg definifon



Theovem H -5
W Leb Y be a4 Subspate o]

MNiny and N A closed  in X jthen

X. T Als clased

A 1S chosed i

W

K

closwe and  Interior of a Seb.

A Subsot A 0f Q& topologicad Spaw
¥, the fnterior 0 A 1S defined as the wnion

of all Open SobS  Containgd in A and tht Ussue
o A S defgned @5 the Tntevsoation of all

Closod  Seks  contadning A

Notz -
M Tnhriovr of A=A, Closure of A =A

A cACHhA
(%) If A 1S ppen A:r\/i

din TF A S osed , A=A
of A N \ ond the Closue

g The  Llosure
n L}Qm ral lOQ, O&J:jc(]ffcnt

0} A in X will
| lH"_
,WYQJ’I') %")—\'

Lot Y be & Subspate of X Let Apea
Cupsek 0f V. Leb A denote Hye closure of A in X.
(3 [ -

'ﬂ(&n Yhe ¢ Loguy Oj’ Aﬁ QGIU_Q,Q ENY.
proog &

Lot Ay denote  the Closwe of Afn 'l
The b A s dosed i x.



M ANY: t'ft“--('if cof In y | l'q (lieovem | ]
i “'!L
‘l |1 ( (. ’ I
Jot N ke d .HI\“a{’f!{l of X Jhen A el AWK

\‘[(\((WP 13 \{ ,H " t"{-]lhrf‘i (he inteveochion ef

L'll“\{‘{‘ ¢ ¢l cf‘-f X with YS

o, ACANY | aine N enchl

:AK‘J o A\ (1) IJ}J (i(’]'ﬁ’lhl({(m “-’f LoSur e
[ /"\g ail (losd's

o the  othey hand ,

;\y (< closod inY.

Wwe Know that ,

'{\'lj _cnN —0) fm come  Led ‘e eloso

m X.
Ton A< 2
sp, Ac €
A Ny C QP:{ i

(> Hrom ()

aevgeck  an botb qldes Wy y)

A Ny CAy

fyiom O3 (> Ay~ BnY

~ Nofe.
For ouv (onyenient, we {4y that @ St A

ﬂwm%SaufBW Hwimmwmﬂwgnw

empty -



Theorom - (15
Lot A e a4 Subset of the topologtcal

Mae g o) Jhen AER iff every open Set O
(ontawtning «  intersects A

(b). Qupposing  the topolegy Of X i<
Gven by a bast, ten xeR T O pagy
oloment 8 tontalning o intersedts A,

Proof !
Tramform o tontraposute
24 Fes Tow owist an open seb U (on teuniny
¥ (iexe0) does not FPntevseit -
T4 x R, U=X-P 98 an open sot wnhﬂ)ning
Cx dogr not tnteset A

EIQE 9‘71@{” A Ac'ﬁjl.dfﬂ oloes nok

Snbrget X € X’ﬁ]

Lon\IQﬁS@lg (Tf thowe exd¢ts an open St U
Lonhiumng ~ whith dees 1t intevcect A

| teh  x-U 8§ & dosed  Seb Cﬂntamrngﬂ
[, AcCA (= intvSehion of all - Closed cek
| contaning ) ', BC X-U buk X € x-U

v Eé R,

S amment (b) T xeF then
 glatent  (a) s Ovexy  open sob wfzwun? Fy
'}HU{YSQ(XQ A



C p II I & - ” -
o0 VU"J basis  ele ment K ”-’”lﬂll’liﬁ; v intuvieile A
(because  p % an open ! )
fonves ely
it} e basis  eloment  (onkain g = ntgrieds

/\ So @VG,\L! open set U (_E:-Vllajlﬂ,?r’lg x tntevserds A

[ baause YXEBCUL- by bopology 7 grnovated oy 7

A subsek U of x i sadd e Lo opon tn x 4
Jov eath x€eU, thoe r & basigs elimint Be®

sulh  that }r_t-(%ch
veh (,fn;m ng.Qﬂi’ (_Cf:))_

Haen

| No’(ﬂ'. | ,
| is an opeh ok whbﬂfmj”g %" Using

e boem B
] spedt tevwﬁmlogg. pre Can Wl U IS a
J

‘3hloomlnood o]
Limit Poml‘S
k-—_‘”—._-_._'_._._._._.—- .
' T3 A Gs a ubsek of the topologicas spac
{r X and 5{( x s a point of X, we Say that x B a
7 g poinE tov " clustor poink 1 0f A W QU(’J—L} mghbourhoc
\m
of ,;‘mtersws A in Some poink other than <« Self
Example’

To the vYeal Une R, 0% a limit point

O:; [-), D'

\ ' L
J”nf“'t”‘j many points N the intrva

Co % , 0t8)



tMMAT2 %

Let A" denoly 4w {nPnlﬂgg X gensralig
l;a}] Co Lot 5 o the ’Lb]l)ﬂfﬂ:;f’g of % (The losimg
Lot @ and @' be baih for the topologier -7 4,
1 r-egpdd-iwobq on Xx. Then 1w fingr than 7. Sug

that 'S finer than 7.

tonversely | sin  each element of 7% an
et of J S0 are Orbitreny uniont of
j@lﬁmmrs 04 <,

Sooby  umma f et x be a et b
'(B Le a basis Jﬁor a -toPo[ogy T on Vv, then
Cequale e cole thion Of  all wuons of lomene

|

|

A i a Subset OF 3. tde Conuude tat
E/j' oqual W T

Tn  the veal Une R, 016 not a limib

point  of [-2,-1] Uioyu Ci;21.

g
-9 = e

O ix the OnW point in the (nteyvad

(0-8s . 01S6)



| rample
Y 7y, io the ccb o positive INgees o

point  bf £ 1s a limit point of Zn.

points arc

M the Jum  points o the Sk Zn

m

Theovem! |3-6

et A be a cubsek 0f the toplogical Spac
¢, let A be the Sk of alt Umk point 0 A.
Ten A= AnA.

Proof:
7 xe A (every noghbourhood of % T2 rSouts A

then xR [ by theorem. 11.5) Let A be a Subset
of the topolo%cai spate X then xR If elven
OPQh et U conbam.mg X nterseus A

|
| Hon AlCA
| Mo Ac B (bYy tlosure defin ACA )
| " o
[ .+ Aunle A ——) (B UA =A)
Reveige _
et 2€ A
Cape (O
IF €& A
then  x e AUA (Tt 18 frivial )
Coagl ¢t
Suppose L efn

ey wen' [y theorem 15
- I wen  then Qvea,ﬂ miahbourhaod Ueot 2 tntavsedk



A bocause  w p ,the cet U must intevsett A ing

point dﬁffjt'r(.ﬂr}t __me y thon ‘JEH\-

W v ¢ AUA

A chAva  — ()

Pence  pvna'- A

Corollo.by{'gq
A Subset  bf topologé cal  Spa IS Uosed
Y it containS all 1B limit points

Prood.

Note !
Fach one  pomt ek hxey=A & cloced 1n R.

Definition:
A topological Spae X I8 called Q
Hausdorf Space if for each pair X5y of

- distinde points  of x. thewe ewist ed gh bour howls

U] aﬂd UQ_ @f x' and y &3 Y%PQL&VQJJJ') tha,t‘ ax
digjoint (f-e . UnUy= @)

——————



Yheovem' |18

[V(‘\i{ Junite point ol in oo Vawsdanff opace
X ¢ (lesed .
Moo

L Sufie® t Show that every  one- poind
A- haoly 18 (losed T ik a  point  Of X diferen
from Xo. fhen % and Yo have  digjoint nLigh bourhie
U a”d \L YC’%PO(ENQL&-

¢inte 1) doees not interseck  hey
The Point % (annot 190{0113 to the A=4XY
oxdgn [ " Contra pesitive If  qep that
overy open Sek contadning «
7 = hol 1 (Losed. intersett A)

(losed  then A=A )

[zt A
s 14 A =Rl 18 tlosed [Tt i¢ trivial, only
eloment oo € QXO}.]

Note.
bl i (losed n R

tomploment  ©f 4o}y = R- Aol = (0 Xe)U(Xo %)

Viaion of epen SetS are open
(ompleme nt 0f haoy 13 0Open

”{Xo?j s tlose d -



. ”‘il"fﬁh 1) t?, . 'r
l ot X e a l-;mf,‘_‘,r'! V (}H 9paA (0 Lol A be
the point X pe o limit

chood oOf 2 (Pntaing

of A {4 P\.ro*rﬂ Yuughbou

A
{wr‘in t

Prood |

I3 every rw'ghbourhood of x IntivsetS Aln

mfinitely  many  points.

i f..ﬁntﬁlilﬂfhj inte rseus p in Soml Po’nt Other

than % itdelly

G, that o i a Umit point &f A

wnwersolg,
Suppose

theek , Some nﬂighbourhood Uof X inurse@

points buk take Some

that x T a Umit point of A

To prove
A ok Infinitly  many
nej%hbourhood Vof % intersettS A in only
finitely  many  points: Then U also  intersects A-gx),
infinitely  many  points:

LQl' [l‘xhxi' . . Imb € un !H" 41&)
The ser X~ ‘z'lfﬂ(i- - lmh €& an open SQL'OJCX

[ Sinte very dinite  point b in a4 Hawdvoff sme

e closed )
1€ eln Xg -« - Imb 18 closed
Fﬂ,w'n Un {x—ﬁleX?_“‘-:tm%);S a

Neighbourhood of 2



~ _ - .
[ Thtersoction o Q& open Sets 18 Open)

So =0 (X-Xoa . amY) e @ adghbourhos
of X does not  inrsedti i A- hx) at all pointg.

¥ adiadieg S P L T e iy

Cgine ho,,% - . 4n} 4o
ngl,Xlr, ; "Im’)j é ﬂ—ix%j
no (ommon  point Hor L' and pA-h1Y-

This  (ontradickS  the  asswmption  that 2 ig q

umit pont of A

e evevy n@ighbourhoool 0 % intrsedks A in

Some  point  other than % . 1tSelb:

8.

. The Ctorrett  ene I8 Qvery neighbourhood
of x contun infinitely  many  pointe  of A.

Continuity Of & function.

— |
|
|

leb A and Y be topological gpate. A
Juntkion {1 x>y I8 Said o ke lontinuows if
Jor eath  pary Open SubSek Vo of Y, the Sok
£ev) b an epen subset of x.

Thoorem ' s

let X and be tbPoloaJcai spates- Lek
£ x>y, Tun the j—ollowing o oquavalent

(y s tontinuoul

) For evew Subset A 0 X, gne has -JC(E)C;’T(_AJ

C‘;)') FOY QVQYE;' C/!D_Sod SQ,Q' B qi‘n \f’ w S@l._ dﬂ-l(g)ld

:l
|}

Closed M X



proof
() =y00) J’J

Assume  that { IS (ontimlous
ot A be a Subset ©f X
To Show that ,if v €A then ford € fea)

Lot Vbt a rwighbourh,ood of fx).

Then {'tv) is an Open Sek of ¥
tontadning X (by defin. if continwity
Cintrselk A in Some  point Y (depns of imit poing)

) it muak

Then ) intersedts {(n) in the point

| OR%
o fy) e

fg) e JW v Ach o fea)C )
Henw f00 € FAY [ fy)= f(funttion of x)=fi;;
lot B be a Cosed Set in Yy and let {'(B)=p
e  wish t prove that A is dosed in X.
S, we ony Sghow" that ACA [ A-A)
By elepuntary S talory ) Ca
T 2en
foo €4 ¢ f(m cBE =8B
. B 1g Closed in Y]

by (2) [~ fmer | Jm ¢B]



¢ that  xe 47'(p)
Then A cCA
fi
(@2 0 |
let v be an open ot InY
let B= Y-V
e pis (lesed inV
= 4(B) 13 Uosed N X [ by 3]
By elementavy set  theowy
£ =47 (Y-8 ={ ey - 4B - x4
S0 flw) ig epen in X

Hene § ic  tontinuows.

Hor\ffomofzpmms:

| ot X and \ be topolegical dpaws,
let f:x=>Y be a bijection. T4 poth the functic
4 and e Inverse  Juntkion 7y x o are tentine

Lwn_ﬁg called & Wowipmorphism.

Note'
0 One b oL = oath % in the domeun has
emcHg one (mage in the Tang

onto 3 &
Jub)eetive

(9)

t5) Bijedtive = leth bnte 4 o to onl

() Tsomorphichm = homomorphism + Lineavity Property




Note'

NULOUs
The londition  that -j‘ he pont (NUWL

U of X the hverge

fFor Cath open Get
map 1oy e x s

image of U wunder  {he
fpen in Y-

Rut the Inverse image ¢ U uneler the
image of U wdes

map i the Same as the
the map §-
v j{u)
/N Note.
V/ s 1
Define homomorphism .
T is a bijukive  (orvesponden e 4 x>y
Suth that  fv) w open iff Uis  Open.
/Emmpw'.zf

The funtion 7 RS R Gven by fix) =3x+/
i§ Q knmomorPMgm.

B owe difine 9°RIR by gey)- 1y
fwen  F09W) =y and  Jfoo)= X for au veal
nmberS % and Y.

Tt Jollows that Fi¢ bijetive and grj"‘I
e tontinuity of f



[ o) ] o (Vary-n) -4 Sty

Tl’ {(3x41-1) = L fan)

?

fx)
-
[9 0] = 9 (3xt0 =qy)
o (y-1)
1 (3%A41-1)
3
o Jis bijedive

Theorem’, 1¢-2
C Rules '50»' Lonsty Lttﬁnﬁ
Le ’cnpolong'(.aﬂ Spa @s.

ontinuows function]

Lot N and Z
@) (wnstont  fundtion)

T3 4% x=2y maps  all of X into the
gtnge point -3 of Y, then Jis contnuo’

%18 () Tntusion’
T A 18 o Subgpate of X, the indusio p

ijundl:l'orl Jr A X 8 Lonkinuous.

’(() (omposSites |
T x>y and 90 VYVZ are tontinuows
|’CWU\ te map  gof . x—>z 18 fontinuous

| (d) RestritHng the odomoun’
| and if AiSQ

R A e 18 tontinuoud
unckton

igubspacﬁ of X , then  te vestriced  F

l ' , ;
4w ATy s pont NUOUA:



(€Y Leabviting &l OXpapdn g the }l"liﬁ]i"
J { %

bet  f x7YY e tentinuows T 7 g
Qubspate @ V' tontamning  the  image  set £(X), The,
e funttion 9 x532  ebtained bﬂ restiicking pe
yange e f 1S tonttnuolt T 2 a Space havéng
Vas a  subspale  then  the function h: x5z
ebtained by expanding  the vange of £ ig
Centinueuy -

;f\ | pcat -ff}-!rm.t.{ah'om o f ff)”f‘.’”—uth‘

The map £ x-7Y & continuous
H x Can  be written ay the  wuon of open Scke

) Such  thet f/ Uq 1S (Ontinuous for cach o

ol

(9) Lm-‘timﬁt»\j at cath point

The map f- =\ 1$ Conttnuon

ojfor cath ¢ X and path nﬂgbbo{)rhogd Vof

i a nelghbouy hood V of f1x) . thew g

i), theve
U of 2 Suth that fevlcy

A neighbouy hoo d
Tf He (ondation in (9) hold¢ for

- a paHaday point % of X, we Sy that fi

conitausws 8k the poine X

Proef -
@ et 7Y for every in ¥y, Let vhe

ewr} n \/ m Sek :F'{{V) quﬂi X or @;cfﬂpendl/y

on  whtkher v tontains Y, O not - Tn cithor Caé

‘lt— A OPQr’l'



(1) III A R Y (TR VI Y oy ‘ Wiy - tinp

' \f“"l“h | 8 f],l{!lj YA ll” ,“a h“* {’I -:Injs“’””,
|II|1“|“I'|!’I ‘ "“r!'“ ﬂ_nl lf_'!lla‘.,;('j fi 1;,[1”‘“}‘,]"‘ i(_,‘ / l’!f.'

| 0 \l"m]h:“l'fll i,"lr'lll'_.', itk h !fﬂ,‘!h“:j}t_”} ]i " ls 7

Gubsol of . [he  pellee (o .\'j' 4 Ynu | e 1"/};}*

Q\ lillll'_llf_)'l_lil oY fatlod | o 2[15:-.r,mp “*!”J!“.‘j"j
(%)

“\'\!Li \\.1\ 1;1 .;\lf.fml r) . l,a,,l_lr;,oj A '.’.";'1,3;(”"“’- ﬁ{, p,

nNe open  Sebt cepninl  mf bt Gaviedbion o opor

St of X Lot h V-l [xnyf)

. y v "

© lo puwve  that  (gof) fe (optinuows,

14 given  §° X< \\ and 9.y ave fonl (IO
14 OB oepen In Y then g°'(v) & mpen in Yl an

.['[g"(ul) IS apen m X

But {‘"(,q"rt.u) (904 )'1101 l,xj elomentary o

teovy.  pente  (904)" is  continuous.

(d) To piove that yestric.ted funuion

| J1a AN g tontinuduh.,

ie f\A- fo, AN B continuous
{ and intlugion funtkion J . A-7Xx are

tontinuouh:
g (.omPOQ;'Wf“’ 40y A=Y 18 tontl nUDUS -

r

(e) Given A Xx-7Y be tontiyiuo wh

51 a Subspae O Y {06 2CY

l@ To prove tak 9ix—2z I Cont N S

¢ obtaiwed by resricking the vange o {].



let B be  open Tn 7

Then | 2Ny ,]‘OV Co v mP(l_n col (Jo[‘v

by dopin 0f Subspalf topology |

peCause 7 containS the enkite jmage et f(

j'"(U)—‘ g-ce) by olomentary sot M’“’tj-

F 1) opeh
@ g(B) 18 open
Hente g x—2z 1 continuo W -
Tz har VoL a Subspad to prove bt
h'e x—z 18 continoud -

U The indasion  mép Joy-vZ 18 Continupy

ye FixN ¢ (ontinuous -

. ( compoSite
l [h obttined bﬂ prandi"g the Yyange &

() By hypothesis X = VUy (Ud 15 an oponset)

futh  thak 4|Va 18 tondnuous Jor each d.

Jegh;wnﬁwpwﬂ Lot N be an O sebin ¥
\Jz@; o 4wy 0va = (4 [u)" w
8\0;\}?0:"’ oy FUv) U‘Uu S Uty nUa = Ux
%\0500“‘* [$10)" - V]
: Locause both expresSion repreyent  the oot of

those Points X lytng in Ux Jor which f00ev



Se Ay, s (ontinuows — thig ¢, le open
50 P N
(UL ond  how open  Jn Y.

(9) let Vv Le an °pen Seb of . ek x bo @

point of  £MU) . Then fOO€v S thve ¢ a
nelghbouvhood Uy B o Suth that £(U) ¢V, Then
L € §7v). [by  hypothesis eath x & X% and eaq
neighbouvheod v o 0] Tt follows  that fy)-
lwuon  of ppen  Sot (g,

So  4v) W open -

7 Theovom V-5 . Pasting  Lemmg

let Xx= AvB whae A and B ae Closed n .
et £ A=\ and giB =Y be continuous. Tf £x)=9
for overy x € Ang then A and 9 combinm t
,g,:VQ a lonkinuows  fwntkion - py XY depingd by
thing  hoO= £@) XA and hw-grr) 3 xes
proof
| To prove that thew ig a wnique fundtion.

L AUB — Y I8 tontinuous .
For ._h”this_ we prove thak  the  inverse image of
~any tlosed subset of Y i tlosed in AUB. Let
o pe a Closed Subset of Y, hm)EC

1§ Jo0 €C or grue €
- Thek )= el § grie)
| gfn.oe IRt continuows | $ee) 18 Closed th A

and thevefore cLosed h AUB.



1 Theorom 194 Maps ko Procdtutts

let 1 aA-5 xxy be Given IDLJ the equaty,,
1) = (4@, o) - Then fis tontinuows ify
the funttion fii a5 x and {558 5y ax
(OnE nubus. Tl maps j. and {5 are catled the
(0-Ordinate funtiong of ¢
Proof"

Let T, XxY —9 ¥

Mt XxY Y e pojetions onto the
1S and gnd fautovg \rea;aomvauj.
Thete  maps  ave (ontinuous for
T~ to)- uxy
T, (W) =x 2 v and

tese  sete  are  open o U and V' are epey

| Loy dofin T, and Ta bo projoctions]
ENotc that  Jor path aen

|1 fit@ryz T f@) (ompesiee gariin
a5 My (fw)

| IF the  Afunthon £ A ontinuows then 4, aug
| fo  are (omppsites of Coh,tihu;)m fnition

and theefore £ and o are Conbanuous -

(onversely

Mppose  that fiand fs ave gy
To poye  that FroA Xxy g Cort nuo us.




Tt iy enough to pwve that dor eath basis
eloment  UXV  for twe  topelogy of XxV
TES  invevse imagl £ luxv) s opén.
A point tal s in 47 tuxy) W fua) € e,
(o) 4 fua)e U oand fyla) €u
j["{uxu): 30"'(11) ﬂjrg—‘ (v)
Cinte both the tets 4 and 457 are open.
S thelvy intivsetkion e open.
S 4 uxy) g open

Honte £ A— XxY 1 (onbinuow .



UNIT= I

Conne tlednees  and ("r;m’m Aness .

g% ) f‘lmmlp; ".[;MO‘Z

Depinitron.

let ¥ be a topologlcal Space: A
SC()MCLUOH of X 18 a paty O, Of digjoint py,
ompty opon Subcek 6f X whese union ibox.
The <pate X i Said to b€ tonnetlrd if there
does nhot owist a Separation Of X

Note .
Another  way of dopinition
T4 A ie (onnoutad Lo, any Spate f¢ homomry,
to X.
(1) A Spate K i connesd iff the onhy
oubset 04 X that are both oped and tlosed
in x are empty Set and X USelp.

(if) Connetedness s pbviously a tepologicat
pmporty Sinte 1E U5 ft)rmuia.hd @nﬁrt;l,lg in
wms  0F the tolleakion of open Sak< of X.

s Lemma B!
T Vih a Subspaw of X, 4 Separation of
y s a palr of disjoint  non empty Seks A and
B whose nion is Y. nddther  of which Contgins
A limit  poink of the othen The Spawe Vi

connubd 1 thog edsts 10 Sepaadkion of .



Proof - |
Suppose  first that A and B form a QQ.para,tior
of Y. Then A s both opev and closed in V.
The Closuve ©of A inY ig the sek AnY.
Sne A S dosed inY, A< BANnY ovﬁng:cb

( Sinw acY) or Ang-9 (AUR') NB=G-

Sine B 1S the wnton o A and 1ES [imit
[ by theorem Ller A Le a SubSet &f tu

point
Lok A be the Sek O all

bopologicat  Spae X,
imit  pointS of A, Then A=AvAT

B (ontains no limit point of A.

A Similay  argument chows that A containS
no fimit PDmt'S Of- B-

Conversely, Suppose that A and B are dijoini
noh e€mpty sotS whose union 8 V. neither of which
(ontamns A limit  point of the other. Then

(AhR) VA = QUA
A n(pve = A
that ANy A ahd

Honwe we condude

CFayeBR Then Loth A and B are cosed inY

and  Sine A= Y-8 and
g,= Y-R

Ty are open m Yy as wed




Lemma o3-2 )
Tf the sets C and D form a Separaky,

of X and ' Y 8 a conn,a,dld subSet of X,
Hun N lies Qnt-irwj within  eith? CorD.

proog -
Cine ¢ and D are both ©pén n X, the

Sts  ¢nY and DNY open N V- Loy defin of
upspate  topology 1\ i catled o Subspall of
X, 188 open wts  consibt  Of all  Intersedion
o} open CatS of X with Y.

Those +wo Sets are Ugjoint and thir

wion is V. T§ thy  were ko
They would tonstitute @ Sgparation of ¥ buty
0 a Conneued Subset of X.

. One of dHum ¢ empty - Henw Y

th non empty,

must - (@) entively in C oor in D.

Theovem'3-3
The union of a Colleution of ctonnuted

gt that have a  point n  ommon IS Connued.
Proof -

Lot 4 AJY be & tollotkion of wnnotted
Cupets of @ Sme X, Leb P ke a point of
Npa. Too prove thab Hag Seb Y= UAg s

eonneuzd -



Suppose  that y=cop ig q Separation of Y.
The point P s one of the Sets ¢ or D. Suppose
pe C Sine the Seb Ay s conngurd

T must lie ontively in eiter cor D,
ond it cannot lie in D becuue it ContainS
the point P of C. Hene AxC C for every o
hone VA4 € C, Contradiching the fact that
D hon empty. Hene the union 6f tollection
of tonnetd SetS that have a  point P
(of be & point of [)Ax) In C(ommon is Comnect

TheoremB b |
Lot A be a ctonneutnd Subser of X . If

AcpcA taun B s also tonneced or Tf B b

Jormed by adjoining b the ¢nnuted ek A
Proof
lot A be connetted  Seb and lek ACBCA -

Quppose  that B=CUD is a Separatitn of B by

lemma 23-2.

I$ the Sets ¢ ad D form a Qgpara,ﬁmqf
x and F Y ibQ conneved  Subser of X then
y lies ontirely within -~ aithey ¢ or D- S0 A musk

ligs endrely 1 ' proin DL Suppose thak

éﬁce Then BACd



Sine €nd =¢
BﬂD:¢ CB-= C”D:)
That » DVb Qmptlj BnD:D:‘p-
Thic  tontvadictS  the fauk that DU @ hoy

empty Subset of B.
Ris onnuted.

—— —
—

Note .
A ZY"*”LHOD fiv=y S tont1 nuows if

the preimage of every Open cot of ¥ &
open in X.
- Theorem -5
o The image of a wnnued Spall wndgy
N tondnuows map W tonnutd
proct O
) ler i xY be (onHNUOWS  MAap-

leb X be (lonnped:

We, wish o prove that the image Spate
2=400 ¥ (onneutz d-

Cinte  vestricting the vange of 7 to i
spate 1 ConHnubus -

Lo g:x -z ¢ confinuous-




,\\‘.( Note'

9: x>z  obl ained J"(j vmtnc.-imrj the van;ﬂ.
) ‘ 18 };‘[jmli\f(])-

e Say that fix=Y 184 topologlcal
ilm\pl-’.dd.ifg -

(i-e) Tt SwHies
continuows  Suyjeckive map J: X727 Suppose
I a ggparaﬁon of 2z ihto tWo

open in z. Then 97(A)

to  conSicler the (A5 of

‘H/la/t 2= AUB
Anjoint nonempty  Seks
and 97'(B) ave digjoint  Sets

x becaurl g 1S
30, -Hu} are

whose wuon i< X
Then ave Opep in

continuous  and nmempbj go = 2
tonnated -

not Sepe rokion

Theovem B b
| The Cav+@%|on pmouwt oF connected Spawsn

(pnneuted -

oo’

To prove that the produtk of two connettod
spaces x and \/ IS conneuted . Choose & base
|Polnt: axb in t produtt XxY e horizondd

Sl Xxb I8 connectad-being  homomorphii €
lul'dch ¥ and ©ath yerdical Sl Xxy l¢ tonnetked
being homomorphic — with Y-
As o yeswt each T - Shaped Spaw.
T = (Xxb) U (% xY) is conneckd being
He wnion Of  tuo connavted  seks “thar  haye




the point Xx b t',C common -

¢

U T of at tuse T chaped Spaces

The wnion S (onneued because IE I the
Wnion of a colletion of comautzd Cet that
have e point axb 8 Common.

Sine  the unlon equalt X xY ,the Spae
Xx\ 1S (onnectnd:

e prof  for any  finite  product of
(onmected  Spate  followed by indution , Using
the  fak that X, vy Xax.. .. x xp g
homomorphic  with ( Xi X -+ -+ Xnqy )x Xn

v Torally  ordoud et

i A total  ovdered Set S a Sef
(\Q) pws o velakion en the QoF thak Jatisfies
e condTEion for a POl order plus an
additional  condition “known ay gy,
| comparaubility  condition -

| ! '&‘It .



A velation s @ totad oOvder pn A set . If
the  Sollowing  properties  hold

I Reflexivity for all

9. Antisymmetry and implies

3. Trans’itivity and  impues
j Comparabllity (Hrichotomy)

The :fivst Hoee ave  thae OxA0MA OJLCLP&(HQL

ovder while addebion of the trichotomy  defanes

o botal of
-

o i :

* Ordeved Set: |
(25 The orvdoed  pafr (X, P) IS called a
F pariosty ordered ser ¥ x fs a Set and e

s a partied order velation in x.

Q. Connetrd Bubspater Of the Peal Line
Definition’

A SmeLﬂ ordered
Han one etement ¢ called a Unear combinak

% the following hold
L hasr the least upper lbound

sek L haﬂ?ng more

Cf’)
 property.

() T+ xz.g Ir1_’1/1.(2,1(& eyust ~Z Such that

nL2 LY




Nt'l!’

l‘.”“‘l e bt il ’snl,mtl:’

o f (

‘:’ll"“-“]““ l 'l"“ *‘(D'r[q lni"””""
A I;U' X Illl'! 'L”} (!u]'j‘ "'II1IU’II" l[{
ey now f‘f\rl’llll Cuhgel  of X with an ey

bl lat v loand f:”m l,nunrl X

heovom

-If I 10 a  (Ineav  continububh N bey
\ho  ovder topolody , then |14 conne e and
(o 8 every inteyval  and rouy in |
Pywof

Jet Y he a Gabeet o that oqual,

oty Loy oan nteyvad o oroa Yo |

I.”'l‘-’ seb Yo L conyex "in the Senie that
Y a and b ae any two pointe  of Y and
a2h [hien thd entrve  inteval o [ak ] of

pointS of | 1S condained in the  Cet Y.

l (]' A (”'d ".'Ja ":(’. A{‘QIJI'J‘ ¥l " non me Hf

setg  that ave epen in Y. We Chall Show fhat

:Yf/lUH (1€) (e exist no (’,(ﬂ[_:ar(pﬁf)n ,-;[.'/

‘ (€ ik Connatde %

G fVﬂ.{.j mnteryad m 08 connedd



1

Choose i !
a  point \n of A and @ Point bof g

(but  every point of A I8 not (pgs than every

Point 9}@
Because N U4 (onvex,
[ﬂibl kel
We shatt  find @ point of [aib] that belongs
bp neither A nor B comsider T et .

Ao= AN Lak) and Bp* RnCak) .

in Caib] Tn the SLLbSPa&

Thgse SeES are  open
topology,

bopology  (Which 18 Same @b tng  order

L et = Lub Ao
Ko Shetk  Show thap C belongs 4o neither

Ao not Bo

Case (1)
Suppo&@ vhat CEBo . Then Cka So &ithe

C=b or & 2 &2 b
Tn oIt case I’I{': :f'O”OLUS ffmm Hftﬂ.:f(lu

open in fab] that thoe 8 Some

Hatr Bo 18 .
Cj contajnqd n B

avay of the o tu form e



Jf ¢cb Wwe have A contvadiction ak

onte  for d" s Smallev  wppey pound on Ao

than C-

I cch, cc,d] do@s nhot intevsedt Ao
hecause  C IS Qn upper pound ©O" Ao - Then
(db] = {diC) U (c,b) does nok ntorset Ao

bound 0n

0% a smalder upper

Again d
onstruation SO 4.

Ao, tun ¢ contvary to
caselin)

Suppase  that € € Ao Then C#Fb

Co either C=a  ©OF O e Czb, because Ao

Huse must be somt

IS open in [Qb) intoenial

of the form Cc, €] contained N Ao, I 13
- because of order property - Antl SYymmetric of
the | '

limear (ontinum L, we ¢ah (hoose a point

2 €ho (onY to the Jack that C€ an

‘ least u.ﬂ?er bound Jfor Po -

hene C belongs to neither Ap nor B
hene ¢ belongs o ndther A por B but

€€ [.Ol;bj in Y.

Hente  Every  ntrval in Y 18 Conmgcted

—




corellary 249

The voal line fﬂnhm_{p’ and <o 18

heovemiag-3
('.'?Hw'nwdiﬂiv valug 'Wrwjr(ém)

LQ_} i )(---‘;‘I be o (ontinuous  map of  th

onnecd  Spre X nto the ordered  set N.n the

oroey  kopology- 1§ ' and ‘b* are  two Poines
of x and if ¢ B @ point & Y Iying betweon
o) and b)) tun Huve axict o point ‘o' of X

queh ok fee) =Y
Proof
The 1 ntey me dd oute value theoren)  ©f calcules

I'IS’ w lgPQupal case  6f thy  theorem that

Y |
pecurs  We bake X to be a cwsed (ntvval

n
gpament’s £ xTY
guppose  J() 18 continuous o the (Losec

sntorvad  [ab). 1f Yis A veal number betwels

e value f@) and 4 wut not equal t eithor

of tem. twn thine oxigts o number ‘¢

Caib) for which fc)=r.

Cthe  ntevval
x-\'T ; . . i




Heve  we  know  that e Horem  te ing,e
of a ctonhetted Spae  under 4 conbinuous May
I8 connectd.

e fo) & (onneced:

ASSLU’YLQ He Qot

A - 400 n (-0 and

B = fon (vi® ave ddgjoint any
“’@H are  non empty o ausl pne (ontauny

l—fca') ond Hwe otwer contalns -f(b)- Each i
ingrsection of an

open in fo) being tt
| $00) (kY dey Of

open yay in y with
Subspate  topology)
15 ced X Suth that o=y Haon

AUB = [ X)) N (—ao,‘r)] U T_f(ﬂ) n (v )] =)

oo N [Eonv (ria)

=fwn L (-, @) =47} ]

T Y v ¢ 400
I 4O 4 Aix)
e Qeparation  of F(%).

) would  be the union of the Set A and3
Taen A _and B wowld @ﬂbﬁﬂltﬁ a Separation :ﬂ;{l



(ontva ::U:,ﬂng e j{wt' 4that thwe JMﬁU}Q of a (ormet

9pa tmdevy o (ortinuOub map s (ennedzd.
. C EX.

Hene TIntormedialz value theorem:

Henwe  proved

== e

pefinition. Path
Given PC'lhl:S . and H of pae X, a

path in X fom x to 4 I QA continwous magp
4. fab]—= x of  Som Closed interval in the
eat Une Into X, such that =X and (K=Y

tonnected !
peih A Spae X 18 caid b be path connevtz d
can be jOfn,ﬁ_d bya.

"f every pair &f point of X
Pq;tln in X-
g9. 3 [o,fJ—Y [ —
: ND@ i

A path tenneded  SpAC X s newssarity

Connottzd-
A (onpeted  Space noed hot be path (onnedc

Toe  wmponents of X can abso ke described as

The  (omponents of X ave onnettzd  olisjoint

ubses of X whose union i X

—_——




A Lenpenenty qnd foral {.‘mm(‘mtfﬂf_ls
Theoren A8+

The  tompenents of x an (onnette d d@or%
SUbSQES 0f X \hose ynion (8 X, Such that e
Commetted  Supheet of X inarsetts oy one o
them
Proof |

gei”f} Cquivalance clagses, the f-ompon%
of X ave dlgjoint and e won i x

Each connechd qot A In X IntersQ ks On(&fo,a

of tem. For Y A intrsects the OMponggy

C,and Co of x Say in point< X and 2,

!

Y@Pe‘ﬂ'\/ﬂ‘j CHen A uXg by olefnin.

This cannot happen untess  C=Co.

To Show  the Component C s Connectyd
Choose a Fr:int Xo of C for eath Point x
o C ,we know that xonX,So theve i< a
(onnetked  Set Ax  (pnkwdning e and 2.

By the vesuk of the Ppreceding
- paragraph Az C ¢ S, 6 L g
parapap xet %

dnte Hw geb Ay are tonnectrd and
have the point X in  (ommon thelr union
i8  conneutd.




Defwnition: Pathy componutis
Kle  depine  anothey cquivalane e yvelakion on

Lo Spate X by defyining  x v % thove v &

Pa/th n X chDm x b Y. The qugwuwn'@ Clagse}
ave called  the path wmpommﬁ @‘jﬂ .

SN

Exangple =

Any Interval ( closed , open or halp- open)
path  (onnextz d- Th pavticular it 5 c¢onnettad .
pente x= Log)u (23)0 4 disjoint union of
ro,) and (2,3] each of which 7§ 4 path

connettzd  component .

Theovom a8 2-
The path  (omponanks of X ave path tonneut

Aigoint  Subseks of X whose  union 1S X, Cuth tha
qu_h pa,th whnmcf ‘SLLb-(QJ' OJC X ‘lnmr\SQ,L,tS on U
one of  Huam.

‘ Example:

| The wmponent  of the  Subspace

Y= [-to)U (o, of Hw veal (ne R are two

S L-hod and  (o0,7] . Thuce ave also the path
tompovent ot N



